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RIGHT-ANGLED BILLIARDS AND VOLUMES OF MODULI
SPACES OF QUADRATIC DIFFERENTIALS ON CP!
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ABSTRACT. We use the relation between the volumes of the strata of mero-
morphic quadratic differentials with at most simple poles on CP! and counting
functions of the number of (bands of) simple closed geodesics in associated flat
metrics with singularities to prove a very explicit formula for the volume of
each such stratum conjectured by M. Kontsevich a decade ago.

Applying ergodic techniques to the Teichmiiller geodesic flow we obtain
quadratic asymptotics for the number of (bands of) closed trajectories and for
the number of generalized diagonals in almost all right-angled billiards.
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1. INTRODUCTION

Motivated by the study of computing asymptotics for the number of generalized
diagonals and for the number of closed billiard trajectories in right-angled polygons,
we were naturally led to questions on Masur—Veech volumes of strata of moduli
spaces of quadratic differentials on CP'. Our main result, explicitly computing
these volumes, resolves a conjecture of M. Kontsevich.
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1.1. Volumes of moduli spaces of quadratic differentials.

Theorem 1.1 (Kontsevich Conjecture). The volume of any stratum Q(dy, . ..
of meromorphic quadratic differentials with at most simple poles on CP! (i.e.

{-1;0}UN fori=1,...,k, and Zlediz —4) is equal to

o)
=, \'&‘
m I

k
(1.1) Vol Qi (dy, ..., dy) = 27° - [ [ v(di)
=1

(where all the zeroes and poles are “named”.)

Here, the function v is defined on integers n greater than or equal to —1 by

(1.2) v(n) =

2  when n is even

n!! , |7 whennisodd
..
(n+ 1!

forn =-1,0,1,2,3..., and the double factorial n!! = n-(n—2)-... is the product
of all even (respectively odd) positive integers smaller than or equal to n. By
convention we set

(-Hit=0oll=1,
which implies that
v(=1)=1 and v(0) = 2.

This formula for the volume (up to some normalization factor) was conjec-
tured by M. Kontsevich about ten years ago. It is much simpler than the for-
mula for the volumes of the strata of Abelian differentials found by A. Eskin and
A. Okounkov [EOQ]].

When this paper was written, there was not a single stratum of quadratic differ-
entials for which the explicit volume was known, though an algorithm of computa-
tion was presented in [EOQ6]. In addition to this work, there is some very recent
progress in evaluation of volumes of low-dimensional strata in genera different from
0. Rigorous formal methods used in (in particular, implementation of the
algorithm [EOQ6]) are confirmed by independent numerical experiments [DGZZ14].
However, any known approach involves significant computer-assisted computations,
and is limited to volumes of strata of sufficiently small dimension, while Theorem [ ]
provides a simple formula for all strata in genus 0.

Returning to our original motivation, we obtain as an important application of
Theorem [[.1] asymptotics for the number of closed trajectories and for the number
of generalized diagonals in right-angled polygons (see §I.3] below). This choice is
particularly natural in the context of this paper since we have to solve an analogous
problem for quadratic differentials and to compute the corresponding Siegel-Veech
constants c¢ for the strata of quadratic differentials in genus 0 anyway: it makes part
of the proof of Theorem [Tl This theorem also immediately provides asymptotics
for certain Hurwitz numbers, see §I.21 Another example of applications is discussed
in [DZ15] where the values of volumes and the related Siegel-Veech constants are
used to compute Lyapunov exponents of the Hodge bundle over hyperelliptic loci in
the strata of quadratic differentials and to compute the diffusion rate for interesting
families of generalized wind-tree billiards [DHL14].
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Strategy of the proof. We start by solving the counting problems for quadratic
differentials. The Siegel-Veech constant cg.., responsible for the exact quadratic
asymptotics of the weighted number of bands of regular closed geodesics on al-
most any flat sphere in a given stratum Q(ds,...,d,) of meromorphic quadratic
differentials with at most simple poles on CP' was recently computed in [EKZ14],
1 ~dj(d; +4
(1.3) Carea( QU1 - ) = = > %
Developing techniques elaborated in [EMZ03] for the strata of Abelian differentials
and using the further results from [Bo09] and [MZ08| on the principal boundary of
the strata of quadratic differentials we express the Siegel-Veech constant cgpeq in
genus 0 in terms of the ratio of the volumes of appropriate strata,

_ Explicit polynomial in volumes of simpler strata
N Vol(Q(dy,...,dy))

In this way we obtain a series of identities on the volumes of the strata of meromor-
phic quadratic differentials with at most simple poles in genus zero. The resulting
identities recursively determine the volumes of all strata. The proof of Theorem [[1]
given in §0l consists in verifying that the expression (L)) for the volume satisfies
the combinatorial identities implied by ([3]) and (4). Part of this verification is
performed in Appendix [Al

(1.4)  Carea(Q(d1, ..., dn))

Remark 1.2 (Normalization conventions). Note that the convention that all zeroes
and poles are “named” affects the normalization: we compute the volumes of the
corresponding covers over strata with “anonymous” singularities. For example, the
stratum Q(1, —1°) of quadratic differentials with “anonymous” zeroes and poles is
isomorphic to the stratum #(2) of holomorphic Abelian differentials; by convention
the volume elements are chosen to be invariant under this isomorphism. However,

by (1) we have
2 4

Vol Q1 (1, —1°) = 272 - v(1) - (v(~1))® = 272 - % 1 =50 % =5 Vol H1(2)

which corresponds to 5! ways to give names to five simple poles.
Similarly,
472 o 6 7t 6!
—1"==.— = —"-Vol 1,1).
3 2135 a1 YL L)
This time there is an extra factor % responsible for forgetting the names of the two
zeroes of H(1,1).

Vol Q1(2, —1%) = 272 - 0(2) - (v(—1))® = 2#2.

1.2. Counting pillowcase covers. One of the ways to compute the volumes of
the strata of Abelian or quadratic differentials (actually, the only one before the
current paper) is to count square-tiled surfaces or pillowcase covers, see [EO0T],
[EOQ6], [EOP], [Z00]. In the current paper we follow an alternative method, and,
thus, our result implies an explicit expression for the leading term of the function
counting associated pillowcase covers, when the degree of the cover tends to infinity.

Namely, following [EO06] we define a pillowcase cover of degree 4d as a ramified
cover

(1.5) TP =P
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over the pillowcase orbifold P = (C/(Z®4iZ))/=+ (as in Figure[l)) with ramification
data given as follows. Let 1 be a partition and v a partition of an even number
into odd parts. Viewed as a map to the sphere, 7 has profile (v, 22d_"’|/2) over
0 € P and profile (22?) over the other three corners of P. Additionally, 7 has
profile (n;, 144=7) over ¢(n) given points of P and unramified elsewhere, where £(n)
is the number of parts in 7. This ramification data determines the genus g of P by

229 = x(P) = L(n) + £(v) — | — [v]/2.
We consider only those ramification data for which g = g(P) in the above formula
is equal to zero,

(1.6) t(n) + L) = Inl = |v|/2 = 2.

Denote by Cov,(n,v) the number of inequivalent degree 4d connected covers

FIGURE 1. Pillowcase orbifold.

7: P — P with ramification data (1, v).

Denote by Q(n,v) the moduli space of quadratic differentials with singularity
data {v; — 2} and {2n; — 2}. Condition (Lf) guarantees that Q(n, ) is nonempty,
and corresponds to genus zero.

Consider now the same partitions 7, v as above and a ramified cover

Tg:P =P

of the same degree 4d over the pillowcase orbifold P with ramification data given
as follows: 7z has profile (21, v, 22¢=11="1/2) over 0 € P and profile (22?) over
the other three corners of P. The cover 7g is unramified elsewhere. Applying the
Riemann-Hurwitz formula and using relation (IZ6) we see that covers with such
ramification profile again have genus zero. The corresponding flat surface belongs
to the same stratum Q(n,v) as before. Denote by Covgf(n,l/) the number of
inequivalent degree 4d connected covers 7g : P — P with ramification data (n,v)
as above.

Theorem [T Jland the Theorem[L3 below provide very simple asymptotic formulae
for the Hurwitz numbers Cov{y(n, v) and Cov'y (1, ).

Theorem 1.3. For any ramification data (n,v) satisfying condition ([L8) the num-
bers Cov',(n,v) and
Covgf(n, v) of pillowcase covers of type (n,v) admit the following limits:

Vol Q1 (n,v)

E — ot(n) .

N N O E +f<v Covialn,v) =2 200(n) + () — 2)
Vol Q1 (n,v)

8 Jm ZCOV )= S+ i) —2)

where Vol Q1 (n,v) is given by equation (LIJ).
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Theorem [[3] is proved in §B.2

Note that the more natural direct geometric approach to the counting of pil-
lowcase covers leads to rather involved combinatorial problems. We present this
alternative geometric approach in a separate paper [AEZT3].

Remark 1.4. There are several different combinatorial approaches to computing
volumes of strata, based on counting (pillowcase) covers.

For the strata of Abelian differentials, the problem is solved in [EO0T]; see
also [Z00] for a more direct but much less efficient approach. Many of these com-
binatorial approaches can be pushed to produce some complicated expressions for
the volumes in Theorem [[LT} Currently, the most efficient approach to calculation
of volumes of strata of quadratic differentials (independently of genus) is suggested
in [EO06]. The exact values of volumes of all strata up to dimension 11 are pre-
sented in based on the algorithm of [EO06]; this result is close to limits of
current computational capacities of modern computers in manipulating huge tables
of characters. For an approach based on Kontsevich’ solution to the Witten conjec-
ture [K92] see [AEZ13]; one more version developing ideas of Eskin and Okounkov
is suggested in [R-Z12]; see also [DGZZ14] for yet another approach. Paper
suggests a comparison of various approaches.

However, we were not able to get the simple expressions () using any of these
methods. In fact, our proof of Theorem [[1] is not purely combinatorial, but has
analytic, geometrical and dynamical inputs (and is motivated by consideration of
Lyapunov exponents). It thus remains a challenge to give a more direct proof of
Theorem [T} in particular bypassing [EKZ14].

1.3. Counting trajectories of right-angled billiards. Currently it is not known
whether there exists a single closed billiard trajectory in every obtuse triangle
(see [SO8| for some progress in this direction and for further references). The situ-
ation with billiards in rational polygons (that is in polygons with angles which are
rational multiples of m) is understood much better: trajectories of such billiards
are related to geometry of certain compact flat surfaces with conical singularities,
which are thoroughly studied starting with the landmark papers of H. Masur [M82]
and W. Veech [Ve82]. In particular, it is known that a billiard in any rational poly-
gon has infinitely many closed trajectories [KMS86], and furthermore the number
of trajectories of length at most L is bounded between c;L? and cyL? for some
0 < ¢1 < ¢2 and for L large enough, see [M88| and [M90)].

In the current paper we study families of right-angled billiards like the ones in
Figures 2l and Bl Namely, we assume that the billiard table is a topological disk
endowed with a flat metric, and that the boundary of the disk is piecewise geodesic
such that the angle at every corner of the boundary is an integer multiple of 7.
Note that by allowing integer multiples kx/2 with k > 5, we can obtain billiard
tables which may not be embeddable in the plane (see Figure[2). In particular, we
can consider helical right-angled billiards.

We consider families of polygons sharing the same collection of interior corner
angles (%kl, ko, ..., %kn) Actually, it will be convenient to consider a slightly
larger space B(ki,...,kn) of “directional billiards” distinguishing a billiard table
IT and the same table turned by angle ¢. The measure in the space B(kq, ..., k)
is the product measure of Lebesgue measure arising from the side lengths and the
angular measure de.
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FIGURE 2. A Right-angled billiard table which is not embeddable
into the plane.

We count the number of generalized diagonals of bounded length in such bil-
liards (that is, the number of trajectories of bounded length which start in some
fixed corner P; and arrive to some fixed corner P;, see Figure B]) and the number
of closed billiard trajectories of bounded length. Note, that closed regular trajec-
tories are never isolated in rational billiards: they always form bands of “parallel”
closed trajectories of the same length, see Figure Thus, when counting closed
trajectories one actually counts the number of such bands. Sometimes, it is natural
to count the bands with a weight which registers the thickness of the band, see
e.g. Theorem at the end of §I.31 By convention we always count non-oriented
generalized diagonals and non-oriented closed billiard trajectories.

To give an idea of the general theorems stated in detail in §2 and developed in
Al we present the following representative results.

Theorem 1.5. For any right-angled billiard 11 outside of a zero measure set in
any family B(ki,..., k) the number N,;;(II, L) of generalized diagonals of length
at most L joining a pair of fized corners P;, P; with angles 5 has the following
quadratic asymptotics as L — 0o:

1 L?

o1 Area of the billiard table

Theorem is proved in §4.17] using the theorem proved by Jon Chaika in
Appendix [C]

(1.9) N;;(II, L) ~

P;

P P P.
FIcure 3. A family B(kq,...,ky,) of right-angled polygons; a
band of periodic trajectories on the left, and a generalized diagonal
on the right.

The fact that this asymptotics does not depend at all on the billiard table is at
the first glance counterintuitive. What is even more surprising is that it is universal:
it is the same not only for almost all billiard tables inside each family, but it does
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not vary even from one family to another! In particular, though the shape of
the two polygons of the same area in Figure [ is quite different, the number of
trajectories of length at most L joining the right-angle corner P; to the right-angle
corner P; is approximately the same in both cases, and is approximately the same
as the number of trajectories of length at most L joining two corners of the usual
rectangular billiard of the same area when L > 1.

The situation becomes more complicated when we consider other types of corners
of the billiard. Consider, for example, an L-shaped billiard table as on Figure [l
Let P, ..., P5 be the right-angle corners of the L-shaped billiard, and let Py be the

corner with the interior angle 37”
Py Ps
Po P
P Py

FIGURE 4. L-shaped billiard.

Theorem 1.6. For almost any L-shaped billiard 1 the number N;o(Il, L) of gen-
eralized diagonals of length at most L joining a fized corner P; with angle 3 and

the corner Py with angle 37” has the following quadratic asymptotics as L — oo:

2 L?

(1.10) Ni(IL, L) ~ 7 Area of the billiard table

The proof of this theorem also relies in part on Theorem[C. Ilproved by Jon Chaika
in Appendix

The naive intuition does not help: the angle 37“ at the corner P, is three times
larger than in the previous case, while the constant in the asymptotics for the
number of generalized diagonals is four times larger than in the previous statement.
Currently we have no idea how to obtain this factor 4 without using techniques of
the Teichmiiller geodesic flow, Lyapunov exponents of the Hodge bundle, and the
computation of volumes of the moduli spaces of meromorphic quadratic differentials
with at most simple poles on CP!. Theorem [0l is proved in §2.01

Using recently developed technology, one can prove weak asymptotic formulas
similar to Theorem [[L5] and Theorem [L.Glfor individual billiard tables. In particular,

the following holds:

Theorem 1.7. Suppose II is an L-shaped billiard table as in Figure[f] Let
_ | PPy p - [P2Bs|
|PLP2|’ |PyPs| -

Then,
(i) If a and b are both rational, or if there exists a non-square integer D > 0
such that a,b € Q(v/'D) and a +b = 1 (where b is the Galois conjugate of
b), then
L2

1.11 Nij(I, L) ~ cij 1l ’
(1.11) i )~ €y Area of the billiard table
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(ii) For any other L-shaped billiard table, we have the “weak asymptotic formu-

las”

L2
27 Area of the billiard table

Nij(IL L) “~”

and

N (H L) 113 ” 2 L2
Oh 7w Area of the billiard table

The meaning of the “weak asymptotic “~” is defined in Y22

In the case (i) the Siegel-Veech constants ¢;; for rational values of parameters
a,b can be computed by the formula due to E. Gutkin and C. Judge [GJ00]. For
1,7 # 0 and a,b € Q(\/l_)) the constants c¢;; are computed by M. Bainbridge, see
[Ba07, Theorem 1.5 and §14].

Proof. Theorem [[7] is a compilation of several different results. In case (i), the
polygon II is a Veech polygon, which gives rise to a Teichmiiller curve, see [C04],
[Mc03]. The existence of an asymptotic formula such as (IL.I1]) for such a situation
was proved in the pioneering work of W. Veech [Ve89).

Let

U= (3 D CSL2,R), P= (3 I) c SL(2,R).

The fact that weak asymptotic formulas such as those of part (ii) hold for any
rational billiard table follows from [EMiMol Theorem 2.12], which uses the general
invariant measure classification theorem of [EMi] for the action of P on moduli
space. However, to evaluate the constant for an arbitrary L-shaped table, one also
has to appeal to the explicit classification of SL(2,R)-invariant affine submanifolds
in the moduli space of Abelian differentials in genus 2 due to C. McMullen, [Mc07].

O

We note that asymptotic counting formulas for individual billiards are associ-
ated with invariant measure classification theorems on the action of subgroups of
SL(2,R) on (certain subsets of) the moduli space. In particular, when a measure
classification theorem for the action of the subgroup U exists (e.g. in the case of
a Teichmiiller curve), one can get a strong asymptotic formula. Also, a measure
classification theorem for the action of the subgroup P leads to a weak asymptotic
formula.

For other examples when a classification of invariant measures for the action of U
(and thus strong asymptotic formulas) are known see [EMS03], [EMMOG], [CW10],
[Bal(]. All examples of individual billiard tables for which the (strong) quadratic
asymptotics was known are, essentially, covered by several families of triangles
depending on one integer parameter; by several sporadic triangles beyond these
families; by a square with a specially located barrier; and by a family of L-shaped
tables with or without a wall for special values of parameters of the L-shaped table.

In §22 for each family By (k1,...,k,) of right-angled billiards we describe all
geometric types of generalized diagonals and all closed billiard trajectories which
can be found on a billiard II outside of a zero measure set in By (k1, ..., k,). For
such TI, and each such geometric type we prove (strong) quadratic asymptotics
for the number of associated generalized diagonals (or of bands of closed billiard
trajectories), and explicitly evaluate the constant in the quadratic asymptotics.
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Theorem below illustrates an application of the general Theorem and
of the general Theorems [4.3H4.§] to billiards more complicated than the L-shaped
ones, see Figure

FIGURE 5. A billiard table from the family B(4™, 3", 1mn+4),

By B(4™,3" 1™*t"*+4) we denote the family of right-angled billiards with m
corners with angles 27 (endpoints of the walls); n corners with interior angles
37/2, and with the remaining n + m + 4 corners with interior angles m/2.

Theorem 1.8. Consider two distinct corners Py, P; of a billiard 11 in any family
B(4m, 3n 1M+ - Assume that at least one of the interior angles kiw/2 and k;m /2
is different from w/2 (i.e. ki, ko are not simultaneously equal to 1).

For almost any 11, any generalized diagonal § joining P; to P; and non parallel
to a side of II never bounds a band of closed trajectories. No other generalized
diagonal in 11 has a segment parallel to any segment of §. For almost any 11, the
number Ny; (I, L) of such generalized diagonals of length at most L has the following
asymptotics as L — +o00:

L2
" Area of the billiard table’

where the constant c;; depends only on the angles k;m/2 and kjm/2 at P; and P;
correspondingly; its value is presented in the following table:

Nij (H, L) ~ Cij

4 37 7
angle > 5 3
47| 9 45 9
2110 64 32
3mr |45 16 2
2 |64 372 n2
T 9 2 1
2132 =2 22

Note that the values of the constants do not depend neither on the numbers n or
m of corners, nor on the particular shape of the billiard. The proof of this theorem
also relies in part on Theorem proved by Jon Chaika in Appendix

We complete this section with an illustration of further counting problems where
one can apply our techniques. Let Ngpeq (11, L) denote the number of bands of closed
periodic billiard trajectories of length at most L counted with a weight given by
the normalized area of the band. More precisely, we count the area of overlapping
domains of the band twice: the area of the band is naively measured as the area of
the associated cylinder on the flat sphere, that is, the width of the band times the
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length of the closed trajectory, normalized by the area of the billiard table. Having
measured the area of the band, we divide it by the area of the billiard table to get
the weight of the band.

Theorem 1.9. For any billiard 11 in any family B(k1,. .., kn) of right-angled bil-
liards the weighted number Ngpeq(IL, L) of bands of closed billiard trajectories of
length at most L satisfies the following weak asymptotics as L — oo:

N, (HL)“”l ~ (2 k L
area (s 167 pt ki 7] Area of the billiard table

For almost any billiard I1 in the same family, the asymptotics is, actually, exact:

1.12 Nurea(I1, L L~ (4 k L
(1.12) area (11, L) ~ 167 P k_j_ 7 Area of the billiard table

The weak asymptotics for all billiards follows, as before, from Theorem
2.12]. The strong asymptotics (ILI2) is proved in §6.1] using Jon Chaika’s Theo-
rem[C. Ilwhich is proved in Appendix[Cl The constant in the corresponding counting
function is directly related to the Siegel-Veech area constant for the corresponding
stratum of meromorphic quadratic differentials on CP' discussed in §I11

1.4. Right-Angled billiard tables and quadratic differentials. Given a right-
angled billiard T in B(kq, ..., k,) we can glue a topological sphere from two super-
posed copies of II identifying the boundaries of the two copies by isometries, see
Figure By construction the resulting topological sphere is endowed with a flat
metric. Note that the metric is regular on interior of the segments coming from
the boundary of II: one can unfold a neighborhood of any such point into a small
regular flat domain.

FIGURE 6. Flat spheres glued from two copies of a right-angled
billiard. The angle by which the billiard table is rotated with
respect to the horizontal position encodes the “phase” of the cor-
responding quadratic differential. A general generalized diagonal
in the polygon gives rise to two distinct saddle connections on the
flat sphere.

However, the resulting flat metric has conical singularities with cone angles
wk1,...,mk, at the points coming from the vertices of II. By construction the
linear holonomy of the flat metric with isolated singularities belongs to the group
Z/2Z: the parallel transport along a short path encircling a conical point P; brings
a tangent vector ¥ either to itself or to —¢ depending on the parity of k;.

It is known that a flat metric with isolated conical singularities and with holo-
nomy in Z/2Z on a closed surface defines a complex structure and a meromorphic
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quadratic differential ¢ in this complex structure defined up to multiplication by a
scalar €', Choosing a line direction £ at some point of the resulting flat sphere
as a “horizontal” direction we fix the scalar e’*. In an appropriate flat local co-
ordinate z outside of the conical points the resulting quadratic differential has the
form (dz)%. A conical singularity with a cone angle k;m corresponds to a zero of
the quadratic differential of degree k; — 2, where a “zero of degree —1” is a simple
pole.

Actually, the two structures are synonymous: a meromorphic quadratic differen-
tial ¢ with at most simple poles on a Riemann surface defines a canonical flat metric
with isolated conical singularities, with linear monodromy in Z/27Z and with a dis-
tinguished foliation by straight lines in the flat metric (see the original papers [M82]
and [Ve82] or surveys [MT99] and [Z03]).

By construction closed billiard trajectories in IT are in canonical one-to-two cor-
respondence with closed regular geodesics on the associated flat sphere, and gener-
alized diagonals on II are in the natural one-to-two correspondence with the saddle
connections on the associated flat sphere, see Figure Thus, the two counting
problems are closely related.

It is known by work of Veech [Ve98] and of Eskin-Masur [EMO0Q] that almost
all flat spheres in a given stratum Q(ds,...,d,) satisfy a quadratic asymptotic
formula for the number of saddle connections. However, we cannot immediately
translate this result to right-angled billiards. An elementary count shows that
the space B(ki,...,ky,) has real dimension n — 2, while the associated stratum
Q(k1 —2,...,k, —2) has complex dimension n — 2. Thus, flat spheres constructed
from right-angled billiards form a subset of measure zero, and “almost all” results
for the strata are not applicable to families of billiards. This is the common difficulty
of translating results valid for flat surfaces to billiards.

In our specific case we are lucky enough to get a subspace of flat spheres “of
billiard origin” which is transversal to the unstable foliation of the Teichmiiller
flow (see §3]). This allows us to apply certain techniques of hyperbolic dynamics to
obtain some ergodic results in slightly weaker form. As a corollary we obtain the
desired information on quadratic asymptotics in the counting problems for almost
all billiards. The corresponding ergodic technique is presented in 6 A key tool we
use is Theorem [C.I] proved by Jon Chaika in Appendix

1.5. Reader’s guide. The paper (like Caesar’s Gaul) is composed of three parts.
The reader interested only in the billiards may read only §2] (and optionally §3l
and §0). The ergodic theorem we use in §dl is due to Jon Chaika, and is proved in
Appendix

The part where we compute the volume of any stratum Q;(dy, ..., d,) of mero-
morphic quadratic differentials with at most simple poles on CP! and where we
compute the Siegel-Veech constants for these strata is independent from the rest
of the paper. It is presented in §2.1] §§3TH3.2 and in §§4HD (with one verification
in Appendix [A]).

Finally, Appendix [B] devoted to pillowcase covers is completely independent of
the rest of the paper.

1.6. Historical remarks. The formula for the volume of the strata of quadratic
differentials was guessed by M. Kontsevich more than a decade ago. At this time
formula (I3]) related to Lyapunov exponents was known experimentally. The
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Siegel-Veech constant (L) has especially simple form for the strata Q(d, —194+4)
of quadratic differentials with a single zero and only simple poles on CP!. Com-
paring ([[3)) and a version of ([4) M. Kontsevich obtained a conjectural formula
for Vol Q;(d, —19+%). Motivated by the simplicity of the resulting expression as a
function of d he stated a guess that Vol Q1(dy, ..., dx) for any stratum in genus 0
might be expressed as a product of the corresponding expressions for all d;.
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2. CONFIGURATIONS AND COUNTING THEOREMS

2.1. Types of saddle connections and generalized diagonals. We distin-
guish the following four ways of getting generalized diagonals in a right-angled
billiard. They correspond to four types of configurations of saddle connections on
a flat sphere defined by a meromorphic quadratic differential with simple poles,
see [EMZ03] and [MZ08] for general information on configurations of saddle con-
nections and [Bo09] for specific case of CP!.

I. Saddle connection joining distinct singularities. In this situation (see
Figure [7) we have a generalized diagonal joining a corner P; with the inner angle

k;%, where k; > 3, to a distinct corner P;.

P;

P;

FiGURE 7. Type L. On the left: a generalized diagonal joining
two distinct corners of the billiard, where at least one of the two
corners has inner angle at least 37“ It does not bound a band
of closed trajectories. On the right: a saddle connection on CP!
joining a zero to a distinct zero (or to a pole).
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The induced flat metric on CP! has an associated saddle connection of the same
length joining the zero P; to the distinct zero (or simple pole) P;.

I1. Saddle connection joining a zero to itself. This situation (see Figure[])
can happen only when we have a corner P; with a corner angle kzg with k; > 4.
In this case we can have a generalized diagonal joining the corner P; to itself such

that it does not bound a band of closed regular trajectories.

P

F1GURE 8. Type II. On the left: a generalized diagonal returning
to the same corner. For this type, it does not bound closed trajec-
tories. On the right: the corresponding saddle connection joining
a zero (of order at least 2) to itself.

For the induced flat metric on CP' we get a corresponding saddle connection
of the same length joining the zero P; to itself such that the total angle k;w at
the singularity P; is split by the separatrix loop into two sectors having the angles
strictly greater than 7 (which is equivalent to the condition that generically such a
saddle connection does not bound a cylinder filled with periodic geodesics).

ITI. A “pocket”. In this situation (see Figure [d) we have a band of periodic
trajectories. The boundary of the band is composed of two generalized diagonals.
The first generalized diagonal joins a pair of corners P;, P; with inner angles 7.
The length of this saddle connection is twice shorter than the length of periodic
billiard trajectory in the band. The second generalized diagonal joins a corner P;
with inner angle k; 3 with k; > 3 to itself. The length of this saddle connection is

the same as the length of periodic billiard trajectory in the band.

FiGUure 9. Type III. On the left: a band of closed trajectories
bounded by two generalized diagonals. One of generalized diago-
nals joins two distinct corners with angles 7; the other returns to
the same corner. On the right: the corresponding “pocket” config-
uration with a cylinder bounded on one side by a saddle connection
joining two simple poles, and by a saddle connection joining a zero
to itself on the other side.

For the associated flat metric on CP' we get a cylinder filled with closed regular
trajectories. One of the boundary components of the cylinder degenerates to a
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saddle connection joining two simple poles P;, P;. Clearly, this saddle connection
is twice shorter than the length of the periodic trajectories. The other boundary
component is a saddle connection joining the zero P, to itself. The total angle k7
at the singularity P, is split by the separatrix loop into two sectors, such that the
sector adjacent to the cylinder has angle w. The length of this saddle connection is
the same as the length of the periodic trajectories in the cylinder.

IV. A “dumbbell”. In this last situation (see Figure [[0) we again have a
band of periodic trajectories. The boundary of the band is again composed of two
generalized diagonals, but this time the first generalized diagonal joins the corner
P; with inner angle k;5 to itself, and the second generalized diagonal joins the
distinct corner P; with inner angle k; 5 to itself. Both k;, k; are greater than or
equal to 3. The length of each of these two generalized diagonals is the same as the

length of every periodic billiard trajectory in the band.

R

FiGURE 10. TypeIV. On the left: a band of periodic trajectories,
such that each of the two bounding generalized diagonals returns
to the same corner. On the right: a “dumbbell” composed of two
flat spheres joined by a cylinder. Each boundary component of the
cylinder is a saddle connection joining a zero to itself.

For the associated flat metric on CP' we get a cylinder filled with closed regular
trajectories. On each of the boundary components of the cylinder we have a saddle
connection joining the zero P; (correspondingly P;) to itself. The length of each of
the two saddle connections is the same as the length of the periodic trajectories in
the cylinder.

The following two Propositions explain why we distinguish these four particular
types of configurations (see more details in §3.2] which discusses a homological
interpretation of these statements).

Proposition 2.1. Almost any flat surface S in any stratum Qq(dy,...,d,) dif-
ferent from the pillowcase stratum Q1(—1*) does not have a single pair of paral-

lel saddle connections different from the pairs involved in configurations of types
IIIIIIIV.

Proposition 21l is proved in §3.21 An analogous statement can be formulated for
right-angled billiards.

Proposition 2.2. For almost any right-angled billiard in any family B(k1, ..., kn)
the following property holds. Consider a pair of trajectories, where each trajectory
is either a closed regular trajectory or a generalized diagonal. Suppose that these
trajectories are not parallel to any side of the polygon. If some segment of the first
trajectory is parallel to some segment of the second trajectory, then both trajectories
make part of one of configurations I-IV described in[21l



RIGHT-ANGLED BILLIARDS AND VOLUMES OF MODULI SPACES 15

Proposition 2.2l mimics Proposition 7.4 in [EMZ03]|; it is proved in 3.3

Configurations of saddle connections. In addition to the type I-IV of a saddle
connection, we may specify some extra combinatorial information, for example the
indices (“names”) of all singularities involved. For saddle connections of type IV,
where a cylinder is joining two spheres, we specify not only the zeroes P; and P;
at the boundary components of the cylinder, but we also specify the subcollections
Piy,..., Py and P}, ..., P;  of numbered zeroes an poles which get to the first and
to the second sphere correspondingly. We call this information the configuration
of a saddle connection (or the configuration of saddle connections, when there
are several saddle connections involved as in types III and IV). By convention, the
configuration of saddle connections includes its type. See also §3.2] for a homological
interpretation of a configuration of saddle connections.

Configuration of a generalized diagonal. By the configuration of the gener-
alized diagonal we mean the configuration of the associated saddle connections in
CP! described in §T.4

2.2. Counting Theorems. By the notation
N(L) ~ cL?

we mean as customary,
. N(L)
lim s =¢C
L—oco L
For technical reasons, we will need to consider

4

‘weak asymptotic formulas”
N(L) “ CL2

which means

L—oo L
The following theorem (which is a special case of results of [Ve98] and [EMO00])
establishes a strong asymptotic formula for almost all flat surfaces in a stratum.
By convention we always count non-oriented saddle connections and non-oriented
closed flat geodesics.

1 L
lim — / N(ee 2t dt =c.
0

Theorem 2.3. For almost any flat surface S in any stratum Q(d,...,d,) of
meromorphic quadratic differentials with at most simple poles on CP' the number
Nec(S, L) of occurrences of saddle connections of length at most L and of fized
configuration C, has quadratic asymptotics in L:

wL?
Area of S

The constants cc are called Siegel-Veech constants. They depend only on the con-
figuration C and on di,...,d,. Their values are given in §j

Theorem [2.3]is proved in §4.5 Note that Theorem[2.3 has no relation to billiards,
it concerns only flat metrics on CP! induced by meromorphic quadratic differentials
with simple poles. In §T.4] we described how a right-angled billiard table II canoni-
cally determines a meromorphic quadratic differential on CP'. However, since the
image of the resulting map B(ki,...,k,) — Q(k1 — 2,...k, — 2) has measure 0
in Q(k1 — 2,...,k, — 2), results such as Theorem do not immediately imply
anything about right-angled billiards. Nevertheless, we have the following:

Ne(S, L) ~ cc -
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Theorem 2.4. For almost any billiard table I1 in any family B(k1, ..., k,) of right-
angled billiards the number N¢(I1, L) of occurrences of generalized diagonals of con-
figuration C and of length at most L has quadratic asymptotics in L:

cc L2
4 Area of the billiard table I1’

where the constants cc are the corresponding Siegel—Veech constants c¢ for the stra-
tum Q(k1 — 2,...,k, —2) in Theorem [Z23

(2.1) Ne(II, L)

Theorem 2.4 is proved in §6.1] using Jon Chaika’s Theorem which is proved in
Appendix

The factor of i in [27) is explained as follows. Note that any generalized diagonal
in the billiard table IT which is not parallel to one of the sides of Il canonically
determines two symmetric saddle connections of the same type on the flat surface
S glued from the two copies of II, where the symmetry is the antiholomorphic
involution, see Figure[6l Hence,

1
NC(HvL) = §NC(57 L) :

Note also, that by construction the area of S is twice the area of the billiard table
II.

FIGURE 11. A helical billiard corresponds to the stratum Q(d, —19+4).

Note that our billiard table does not need to be necessarily embeddable into the
plane, say, we can consider a helical right-angled billiard as in Figure Il More
precisely, by a right-angled billiard table we call a topological disc endowed with
a flat metric having the following properties. The flat metric is allowed to have
isolated cone-type singularities in the interior of the disc with cone angles of the
form [;7, with [; € N. The boundary of the disc is piecewise-geodesic in the flat
metric, and the angles between the geodesic segments have the form k;m/2, with
kj e N.

In fact, some version of Theorem [2.4] holds for individual billiards:

Theorem 2.5. Suppose Il is a billiard table from the family of right-angled billiards
B(k1,...,ky). Furthermore, suppose I1 is such that the flat surface S glued from two
copies of I does not belong to any proper GL(2, R)-invariant affine submanifold of
the stratum Q(dy,...,dy). Then, for any choice I-IV of configuration C, the weak
asymptotic formula

. cc nL?
4 Area of the billiard table 11

holds, where c¢ is the Siegel-Veech constant corresponding to the configuration C in
the stratum Q(ky — 2, ...,k — 2) (as in Theorem[Z3).

Ne(II, L) “~
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Proof. The statement is an immediate corollary of [EMiMol Theorem 2.12]. O

We note that a complete proof of [EMiMoa, Theorem 2.12] involves the measure
classification theorem of [EMi] and is well over 200 pages long, and yields weak
asymptotic formulas. The proof of Theorem [2.4] is much shorter, and uses special
features of right-angled billiards, namely Proposition However, Theorem 2.4
is an almost everywhere statement, and does not imply any type of asymptotic
formula for an individual billiard table.

We also note that for most other families of billiards, almost-everywhere state-
ments like Theorem [Z7] are not available (since the analogue of Proposition
fails.)

3. BILLIARDS IN RIGHT-ANGLED POLYGONS AND QUADRATIC DIFFERENTIALS

In §3I] we describe the cohomological coordinates in a stratum of quadratic
differentials. We proceed in §3.2] with a reminder of the notions of }Zomologous
saddle connections and a configuration of ﬁomologous saddle connections.

In §3.3] we analyze the canonical embedding of the space of (directional) right-
angled billiards B(k1, ..., ky) into the corresponding space Q(k1 —2,..., k, —2) of
meromorphic quadratic differentials on CP'. Namely, we prove in Proposition B2
that its image projects surjectively onto the unstable foliation of the Teichmiiller
geodesic flow, which allows us to apply certain ergodic techniques of hyperbolic
dynamics not only to flat surfaces from Q(k1 — 2,..., k, — 2) but to billiards from
B(k,... k).

We complete §3] with a proof of Proposition

3.1. Coordinates in a stratum of quadratic differentials. Consider a mero-
morphic quadratic differential 1) having zeroes of arbitrary multiplicities but only
simple poles on CP!. Let Pi,. .., P, be its singular points (zeros and simple poles).
Consider the minimal branched double covering p : S — CP" such that the induced
quadratic differential p*y on the hyperelliptic surface Sisa square of an Abelian
differential p*¢) = w?.

The zeros P, ..., Py of the resulting Abelian differential w correspond to the
zeros of ¢ in the following way: every zero P € CP' of ¢ of odd order is a rami-
fication point of the covering, so it produces a single zero PeSof W; every zero
P € CP! of ¢ of even order is a regular point of the covering, so it produces two
Z€eros P*, P~ € S of w. Every simple pole of ¢ defines a branching point of the
covering; this point is a regular point of w.

Consider the subspace H; (S,{P,..., Py} Z) of the relative homology of the
cover with respect to the collection of zeroes {I:’l, cee I:’N} of w which is antiinvariant
with respect to the induced action of the hyperelliptic involution. We are going to
construct a basis in this subspace (in complete analogy with a usual basis of absolute
cycles for a hyperelliptic surface).

We can always enumerate the singular points P, ..., P, of ¢ in such a way that
P, is a simple pole. Chose now a simple oriented broken line P;, ..., P,_; on CP!
joining consecutively all the singular points of 1 except the last one. For every arc
[P;, Pi+1] of this broken line, ¢ = 1,...,n — 2, the difference of their two preimages
defines a relative cycle in Hy (S,{P1,..., Pxy};Z). By construction such a cycle is
antiinvariant with respect to the hyperelliptic involution. It is immediate to see
that the resulting collection of cycles forms a basis in H; (S‘, {I:’l, cee PN}; 7).
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FIGURE 12. Basis of cycles in H| (S’, {]51, cee PN}; Z). Note that
the cycle corresponding to the very last slit is omitted.

Note that a preimage of a simple pole does not belong to the set Py, ..., Py
Thus, a preimage of an arc [P;, P;+1] having a simple pole as one of the endpoints
does not define a cycle in Hl(g, {I:’l, cee PN}; Z). However, since a simple pole is
always a branching point, the difference of the preimages of such arc is already a
well-defined relative cycle in Hy (S, {Py, ..., Py};7Z).

Let Q(dy,...,d,) be the ambient stratum for the meromorphic quadratic differ-
ential (CP',4)). The subspace Hl(S‘, {I:’l, . ,PN};(C) in the relative cohomology
antiinvariant with respect to the natural involution defines local coordinates in the
stratum.

3.2. Homologous saddle connections. We follow the exposition in [MZ08] in-
troducing the notions of a rigid collection of saddle connections and of }Zomologous
saddle connections. Consider a flat sphere S corresponding to a meromorphic qua-
dratic differential (CP', 1)) with at most simple poles. Any saddle connection on the
flat sphere S persists under small deformations of S inside Q(«). It might happen
that any deformation of a given flat surface which shortens some specific saddle con-
nection necessarily shortens some other saddle connections. We say that a collection
{71,-.+,7n} of saddle connections is rigid if any sufficiently small deformation of
the flat surface inside the stratum preserves the proportions |y1| : [y2] : - : || of
the lengths of all saddle connections in the collection.

Consider the canonical double cover S over S defined in 9311 Given a saddle
connection v on S choose an orientation of v and let +',7” be its lifts to the
double cover S endowed with the orientation inherited from ~. If [y] = —["]
as cycles in Hy(S,{Pi,...,Px}; Z) we let [§] := [y], otherwise we define [§] as
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7] == [v'] = [7"]- Tt immediately follows from the above definition that the cycle
[4] defined by a saddle connection ~ is always primitive in H,(S,{Py,..., Py}; Z)
and belongs to H; (S,{P,..., Px}; 7).

Following [MZ08] we introduce the following

Definition 3.1. The saddle connections 71,72 on a flat surface S defined by a
quadratic differential ¢ are homologous if [31] = [42] in Hy(S, P; Z) under an ap-
propriate choice of orientations of 71, 7v2. (The notion “homologous in the relative
homology with local coefficients defined by the canonical double cover induced by
a quadratic differential” is unbearably bulky, so we introduced an abbreviation
“flomologous”. We stress that the circumflex over the “h” is quite meaningful: as
it is indicated in the definition, the corresponding cycles are homologous on the
double cover.)

Note that since there is no canonical way to enumerate the preimages 7/, " of a

saddle connection v on the double cover, the cycle [§] is defined only up to a sign,
even when we fix the orientation of 7. Thus, 7, is ﬁomologous to 7o if and only if
(1] = £[32].
Proposition (H. Masur, A. Z.). Let S be a flat surface corresponding to a mero-
morphic quadratic differential ¢ with at most simple poles. A collection Y1, ...,Vn
of saddle connections on S s rigid if and only if all saddle connections y1,...,Vn
are ﬁomologous.

There is an obvious geometric test for deciding when saddle connections 71, 2 on
a translation surface S are homologous: it is sufficient to check whether S\ (y1Uy2) is
connected or not (provided S\ y; and S\ 2 are connected). It is slightly less obvious
to check whether saddle connections 71,2 on a flat surface S with nontrivial linear
holonomy are ﬁomologous or not. In particular, a pair of closed saddle connections
might be homologous in the usual sense, but not flomologous; a pair of closed
saddle connections might be ﬁomologous even if one of them represents a loop
homologous to zero, and the other does not; finally, a saddle connection joining a
pair of distinct singularities might be flomologous to a saddle connection joining a
singularity to itself, or joining another pair of distinct singularities. The following
statement provides a geometric criterion for deciding when two saddle connections
are flomologous.

Proposition (H. Masur, A. Z.). Let S be a flat surface corresponding to a mero-
morphic quadratic differential ¢ with at most simple poles. Two saddle connections
Y1,72 on S are ﬁomologous if and only if they have no interior intersections and
one of the connected components of the complement S\ (v1 U~2) has trivial linear
holonomy. Moreover, if such a component exists, it is unique.

Now everything is ready for the proof of Proposition 211

Proof of Proposition[21]. Configurations I and II involve a single saddle connec-
tion. Using the above criterion it is immediate to check that all saddle connections
involved in configurations III and IV are ﬁomologous. Thus, these configurations
are rigid, and we can find them on almost every flat surface in the stratum.

Theorem 2.2 in [Bo09] applies general results from [MZ08] to classify all possible
configurations of flomologous saddle connections on CP', and shows that there are
no such configurations different from types I-1V.
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To complete the proof it remains to apply Proposition 4 from [MZ0§| which
claims that for almost every flat surface in any stratum, two saddle connections are
parallel if and only if they are ﬁomologous. This statement is proved following the
lines of Proposition 7.4 in [EMZ03]; see also the analogous proof of Proposition [2.2]
in §3.3] below. O

3.3. The subspace of billiards. Consider now the map
B(kl,...,kn) — Q(kl —2,...,kn—2).

In the chosen coordinates in H'(S,{Py,..., Py};C) the image of a directional
billiard II is presented by a point

P2 P7171
(3.1) 2/ dz,...,2/ dz | =
Py Pp_2
(2|P1P2|€i¢a 2| Py Pylekom)/2tio 2|Pn73Pn72|€(k2+”'+k"72)7r/2+i¢) -

The components of the projection of this vector to the H! (S‘, {I:’l, cee PN}; R) are
of the form

£25in(0)| PiPia| o % 2cos(6)| PPyl
depending on the parity of ks 4+ ... + k;. Thus, for ¢ different from an integer
multiple of 7/2 the composition map 7.8 — H! (S‘, {I:’l, cee PN}; R) is a surjective
map. We have proved

Proposition 3.2. Consider the canonical local embedding
Bk, ..., kn) = Qk1 —2,...,k, —2).

For almost all directional billiards in B(k1,...,k,) the projection of the tangent
space TuBB(k1, ..., ky) to the unstable subspace of the Teichmiller geodesic flow is
a surjective map.

We complete this section with a proof of Proposition 2.2

Proof of Proposition[2.2. By assumption we do not consider generalized diagonals
and closed billiard trajectories parallel to the sides of the polygon. First note that
without loss of generality we can consider only generalized diagonals: any closed
regular trajectory makes part of a band which is bounded on both sides by a (chain
of) generalized diagonals, see Figure

Let l,, = |PpPmy1| for m = 1,...,n — 2. Recall that I; are the independent
coordinates in the space B(k1, ..., k). Unfolding the billiard along a generalized
diagonal we see that every generalized diagonal (non parallel to one of the sides of
the polygon) defines a relation

E a;l;

2.bjl;
where 0 < ¢ < 7/2; the sum in the numerator is taken over the vertical sides of
the polygon; the sum in the denominator is taken over the horizontal sides; and all
a; and b; are integers. Since the second generalized diagonal has a segment going
in the same direction ¢, it also defines a relation

%;Q—mmw,

= tan(¢),
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where the sum in the numerator is taken over the vertical sides of the polygon; the
sum in the denominator is taken over the horizontal sides; and all ¢; and d; are
integers.

Each generalized diagonal determines a saddle connection v on the corresponding
flat sphere, which in turn defines a cycle +5 € H| (S’, {]51, ceey PN}; Z). Moreover,
up to appropriate choice of signs of the basic vectors in the basis from §3.I] the cycle
corresponding to the first generalized diagonal has the form é := > a;% + > b;9;
and the cycle corresponding to the second generalized diagonal has the form ¢ :=
> e+ Do did;

Assume that the two generalized diagonals do not make part of any of configura-
tions I-TV. By the result of Boissy [Bo09] there are no configurations of ﬁomologous
saddle connections on CP! other than configurations I-IV. This implies that the
corresponding saddle connections are not ﬁomologous, and, hence, the cycles ¢; and
¢y are not proportional. This implies that the relation

Yoali Yol

2205l Yo djl;
is a nontrivial relation on coordinates Iy, ...,l,—2. Thus, the set, satisfying this
condition, has measure zero. Taking a union over the countable collection of possible
conditions (countable, because we have to consider all possible collections of integers
ai, bj, ci,d;) we still get a set of measure zero. ]

4. VALUES OF THE SIEGEL—VEECH CONSTANTS

In this section, we derive formulas for the Siegel-Veech constant of each con-
figuration of saddle connections. There are two kinds of formulas. The first kind
expresses the Siegel-Veech constant as a ratio of volumes of strata, with explicit
combinatorial coefficients. These formulas will be stated and proved in this section.
The second kind of formula gives the Siegel-Veech constants as numbers (depending
only on the stratum and the configuration). They are proved by plugging the ex-
pression (LI from Theorem [[T]into the formula of the first kind. We also present
these formulas here; however, Theorem [[LT]will only be proved in §5l For this reason
we have attempted to separate the formulas which depend on Theorem [[T] from
the formulas which do not.

The results obtained in this section are based on techniques developed in the

papers [EMO00], [EMZ03], and [MZ08| written in collaboration with H. Masur.

4.1. Normalization of the volume element. Recall that for any flat surface S
in any stratum Q(dy,...,d;) we have a canonical ramified double cover § — §
such that the induced quadratic differential on the Riemann surface Sis a global
square of a holomorphic Abelian differential. We have seen in §3.1] that the sub-
space HL (S, {Py,..., Py};C) antiinvariant with respect to the induced action of
the hyperelliptic involution on relative cohomology provides local coordinates in the
corresponding stratum Q(ds, ..., d,) of quadratic differentials. We define a lattice
in H' (S,{Py,..., Py};C) as the subset of those linear forms which take values in
Z®iZ on Hy (S,{Py,...,Px}; 7).

We define the volume element dp on Q(dy, ..., dy) as the linear volume element
in the vector space H* (Mgz, {P1,..., Py};C) normalized in such way that the fun-
damental domain of the above lattice has volume 1.
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We warn the reader that for NV > 1 this lattice is a proper sublattice of index
4N=1 of the lattice

H (S,{Py,...,Py};C) n H'(S,{P\,....,Px};Z®iZ).

Indeed, if a flat surface S defines a lattice point for our choice of the lattice, then
the holonomy vector along a saddle connection joining distinct singularities can be
half-integer. (However, the holonomy vector along any closed saddle connection is
still always integer.)

The choice of one or another lattice is a matter of convention. Our choice
makes formulae relating enumeration of pillowcase covers to volumes simpler; see
Appendix [Bl Another advantage of our choice is that the volumes of the strata
9Q(d, —19%%) and of the hyperelliptic components of the corresponding strata of
Abelian differentials are the same (up to the factors responsible for the numbering
of zeroes and of simple poles).

Convention 4.1. Similar to the case of Abelian differentials we now choose a real
hypersurface Q1 (d1, ..., d;) of flat surfaces of fixed area in the stratum Q(dy, . .., dj).
We abuse notation by denoting by Q1(dy,...,d;) the space of flat surfaces of area
1/2 (so that the canonical double cover has area 1).

The volume element du in the embodying space Q(dy, ..., dx) induces naturally

a volume element du; on the hypersurface Qi(dy,...,dx) in the following way.
There is a natural C*-action on Q(dy,...,d;): having A € C* we associate to the
flat surface S = (CP',q) the flat surface

(4.1) M-S :=(CPYH\% ).

In particular, we can represent any S € Q(di,...,dx) as S = rS(y), where r € Ry,

and where S(1) belongs to the “hyperboloid”: S(;) € Qi(dy,...,dy). Geometrically
this means that the metric on S is obtained from the metric on S(;) by rescaling with
linear coefficient 7. In particular, vectors associated to saddle connections on Sy
are multiplied by r to give vectors associated to corresponding saddle connections
on S. It means also that area(S) = r? - area(S(1)) = r?/2, since area(Sp)) =
1/2. We define the volume element duy on the “hyperboloid” Qq(dy,...,d) by

disintegration of the volume element dy on Q(dy, ..., dx):
(4.2) dp = r*"~Vdrduy, ,
where

2n = dimR Q(dl,,dk) = 2dim¢; Q(dl,,dk) = 2(]{3—2)

Using this volume element we define the total volume of the stratum Q1 (dy, ..., dy):

(43) Vol Ql (dl, e ,dk) = / d/l,l .
Qi (d1,...,dy)
For a subset E C Q1(da,...,d;) welet C(E) C Qi(dy,...,ds) denote the “cone”
based on E:
(4.4) C(E):={S= TS(l) |S(1) eE, 0<r<1}.

Our definition of the volume element on Q1(dy,...,dx) is consistent with the fol-
lowing normalization:

(4.5) Vol(Qi(dy,. ... dy)) = dimg Q(dy, . .., dy) - p(C(Qi(dy,- ... dy)),
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where p(C(Q1(d1,...,dy)) is the total volume of the “cone” C(Qi(dy,...,dy)) C
Q(d1, ..., dr) measured by means of the volume element dy on Q(dy, . .., dx) defined
above.

4.2. SL(2,R)-action. There is an action of SL(2,R) on the moduli space of qua-
dratic differentials that preserves the stratification, and moreover, preserves ( [M82]
[Ve82]) the measures on Q and Q; described above. Recall that a quadratic differen-
tial ¢ determines (and is determined by) by an atlas of charts to C whose transition
maps are of the form z — 42z 4 ¢. Since SL(2,R) acts on C via linear maps on
R2, given a quadratic differential ¢ and a matrix g € SL(2,R), define the quadratic
differential g - ¢ via post-composition of charts with g. This action generalizes the
action of SL(2,R) on the space of (unit-area) flat tori SL(2,R)/SL(2,Z). Note
that SL(2,R) preserves the area of the quadratic differential ¢, and in particular it
preserves the level surface Q1 (dy, ..., dy).

4.3. Strata of surfaces with marked points. In this section we shall also con-
sider the strata Q;(«) of flat surfaces S = (CP', ¢) where we mark a regular point
on the surface. Say, Q1(2, 12,0, —1%) will denote the stratum of meromorphic qua-
dratic differentials on CP! with one zero of order 2, two zeroes of order 1 denoted
by 12, eight simple poles —1%, and one additional marked point: “zero of order 0.

Let o = {dy,...,dx} be a set with multiplicities, where d; € {—1,1,2,3,...}
fori=1,...,k and Y d; = —4. A stratum with a marked point Q(0,dy,...,d)
has the natural structure of a fiber bundle over the corresponding stratum without
marked points Q(d,...,dx). This bundle has the surface S (punctured at all
singularities Py, ..., Py) as a fiber over the “point” S € Q(dy,...,dy). Clearly, the
dimension of the “universal curve” Q(0,dy, ..., dy) satisfies

(4.6) dimCQ(O,dl...,dk):dimCQ(dl...,dk)—i—l:k—l.

By convention we always mark a point on a flat torus. We denote the corresponding
stratum 7(0); it has dimension two: dimc H(0) = 2.

The natural measure on the stratum Q(0,d; ..., d) with marked points disinte-
grates into a product measure, where the measure du along the fiber is proportional
to the Lebesgue measure on S induced by the flat metric on S, and the measure
on the base Q(dy ..., dy) is the natural measure du; on the corresponding stratum
taken without marked points.

When the flat structure on S is defined by a quadratic differential the measure
of the fiber S is different from the measure of the analogous fiber S with the flat
structure defined by an Abelian differential. Namely, by Convention [£1] the area
of the surface S in terms of our flat metric defined by the quadratic differential
is 1/2. Note also, that a saddle connection v joining a zero and a marked point
and having half-integer linear holonomy 4hol(y) € R? defines an integer cycle
g € Hf(M;, {]51, . .,PN};Z). Hence, our choice of the fundamental domain of

the lattice in the relative cohomology H (M2,{Py,..., Py};C) described in §ZI]
implies that the component dj of the disintegrated measure along the fiber .S is

(4.7) dpo = 4dxdy,

i.e. 4 times the standard Lebesgue measure coming from the flat metric. This gives
1o(S) = 2 for the total measure of each fiber, which implies the following relation
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between the volumes of the strata:
(48) VOlQl(O,dl,...,dk):2V01Q1(d1,...,dk).
Recall that v(0) = 2, see [L2); so this is coherent with formula (L)) for the volume.

4.4. Volume of a stratum of disconnected flat surfaces. It will be convenient
to consider the strata Q(o’) = Q(al,) x Q(ay), of closed flat surfaces S having two
components S, LI S}, of prescribed types. Such strata play especially important role
in the context of the principal boundary discussed in §4.61 In the consideration
below each of ), o might contain an entry “0” or not. In other words, the strata
9Q(al), Q(ay) are allowed to have a marked point.

Convention 4.2. Using notation o/ = ), U«j, for the strata Q(a’) of disconnected
surfaces we assume that we keep track of how o’ is partitioned into «, and «;.

We shall need the expressions for the volume element and for the total volume
of such strata. The corresponding expressions for the strata of Abelian differentials
were obtained in §6.2 pp. 81-82 in [EMZ03]. Though the corresponding formula
translates to the strata of quadratic differentials without any difficulties we present
this simple calculation since it is very instructive in view of calculation of Siegel—
Veech constants performed below.

We write S; = TiSi(l), where area(Si(l)) = 14 € {a,b}. Then area(S;) =17 3.
Let
n; = dimg Q(as); n = dimg Q(¢) = ng + np -

Let du® (correspondingly du®) be the volume element on the stratum Q(al,) (cor-
respondingly Q(a})). Let du¢ (correspondingly du?) be the hypersurface volume
element on the “unit hyperboloid” Q;(c,) (correspondingly Qi(a;)). We have

du(S) = du®(S,) - du®(Sp) = 72" 1™ dry dry dp§ dpd .
Set
W = Vol Qi () - Vol Qi (ar}) .
Then,

1 (ng — D)l(npy — 1)!
4 n! ’

2ng—1,.2n,—1 _
p(C(Q1(a') =W - /r§+r§§1 rete T drg dry = W
r6q>0; 75 >0
where we have left the computation of the integral over the disk as an exercise.
Hence, applying (4.3 we get

(49) Vol Qu(o) = 20 u(C(Qi(a) =

_ 1 (dime Q(a,) — 1)!(dime Q(af) = 1)! o o
2 (dime Q(a) — 1)! Vol Qi (a) - Vol Q1 (@) .

Repeating literally the same arguments we obtain the corresponding formula for
the volume elements:
1 (dime Q(a),) — 1)!(dime Q(ay) — 1)

(4.10) i =35+ (dim¢ O(a/) — 1)

! a b
- dpg dpy -
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4.5. Reduction to ergodic theory. In this section we recall the strategy given
in [EMO0] to obtain the quadratic asymptotics in Theorem

Fix an unordered collection (dy,...,d,) of integers d; e NU{—-1},i=1,...,n,
satisfying >, d; = —4, and let Q; denote the stratum Qi(di,...,d,). Note
that every such stratum is nonempty and connected. Let 11 denote the canonical
PSL(2, R)-invariant measure on Q. Fix a configuration C as in §211 To each saddle
connection we associate a holonomy vector in the Euclidean plane R? having the
same length and the same line direction as the saddle connection. By convention
the configuration III is represented by the closed saddle connection joining a zero
to itself (the holonomy vector associated to the partner saddle connection joining
two simple poles is parallel but twice shorter). Since by convention the saddle
connections are not oriented, the holonomy vector is defined up to a sign, so we
actually consider a pair of opposite holonomy vectors +v. Given a flat surface
S = (CPY, q) € Qi, let V¢(S) be the set of holonomy vectors of saddle connections
whose configuration is C. For any flat surface S the set V¢ (S) is a discrete subset
of R?. We are interested in the asymptotics of the number

(4.11) Ne(S, L) = %|VC(S) NB(0,L)],

of saddle connections of type C on the flat surface S of length at most L. The weight
1/2 in the above expression compensates the fact that each saddle connection is
represented by two holonomy vectors +v.

In the remainder of §0 the stratum Q and the configuration C are fixed. We will
often omit C from the notation, and we will use the abbreviated notation ¢ for the
flat surface S = (CP',q).

4.5.1. Siegel-Veech formulas. Given f € C.(R?), define the Siegel-Veech transform
f:91 —Rby

(412) fa=5 3 s,

veVe(q)

We have the Siegel-Veech formula ([Ve98], Theorem 0.5). There is a constant
(called the Siegel-Veech constant) be(Q) so that:

(4.13) . F@)dp(q) = bc(Ql)/RQ f(z,y) dzdy.

p1(Q1) Jo,
(5 &)
gt = 0 eft

B cosf sind
"0~ —sinf cosf )
Let f be (a smoothed version of) the indicator function of the trapezoid 7 defined
by the points

Let

(15 1)7 (_17 1)5 (1/27 1/2)5 (_1/25 1/2)
Note that the area of this trapezoid is 3/4.
We then have, for ¢ > 0, and any v € R? ([EMO00], Lemma 3.4):
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(4.14) — flgerov)dd =~ < ™

1 /% e et/2< ||v| < et
27T 0 ’

0 otherwise

(See [EMOQ] for the exact meaning of ~). Heuristically, the integral measures the
proportion of angles 6 so that rpv € g_;T. The trapezoid g_;7T has vertices at

(e—t7 et)a (_e_tv et)v (e_t/27 et/2)7 (_e_t/27 et/2)'
The range of (inverse) slopes is of size 2e~2!, and thus the length of the interval
of 0’s satisfying rgv € g_4T is also of size 2e 2!, if v has length in between e’/2
and e', and zero otherwise. Dividing by 27 to get the proportion, we obtain ([I4]).
Combining (II3) and [@I4), we obtain

e2t 2T 1
(4.15) — f(gireq)dl ~

2 Jo T

(Nc(g,€') — Ne(g,e'/2)) .

4.5.2. Equidistribution results. The equation ([{I3]) reduces the problem of studying
P t
Jim e Nl o)
to that of studying the limiting behavior of

1 271'/\

o f(geroq)dd
™ Jo

Assuming this limit exists, and is equal to ¢, a geometric series calculation shows

4
P ty_ 2
tli)rgoe Ne(g,e') = 37C:

Assuming further that Lebesgue measure supported on the circles {g:roq}o<o<aon
converges, as t — 0o, to the absolutely continuous SL(2, R)-invariant measure 1
on Q1, we would have that ¢ = m Jo, F(@)du1(g), and then using (@IF), we
would obtain, since the area of the trapezoid is 3/4,

ot ty _
tl_lgloe Ne(g,e') = wbe(Q).

In fact, this is the approach used in [EMO00]. There, the key tool is a general ergodic
theorem on SL(2, R)-actions, proved by A. Nevo which shows

2T
~ ~

i J, S @ =g [, T dnta.

for almost every ¢ € Q. However, since the set of billiards has measure 0, this does

not yield any information about them. We will instead use Theorem to obtain
our results.

4.6. Siegel—Veech constants and the principal boundary of strata. In this
section we present a strategy for evaluation Siegel-Veech constants. This strategy
was successfully applied in [EMZ03] to compute all Siegel-Veech constants for all
connected components of the strata of Abelian differentials. In this section we
present the general scheme elaborated in [EMZ03] and developed in [MZ08]. In
the further sections we adjust it to the concrete cases of configurations of saddle
connections I-IV described in §2.11

Fix a stratum Q(a) of meromorphic quadratic differentials on CP', where a =
{dy,...,dr}. Counsider a configuration C of one of the types I-IV (in the case of
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general strata in higher genus it would be any configuration of Bomologous saddle
connections). We have seen in §4.7] that to each flat surface S € Q(«) we can
associate a discrete subset Vz(S) C R? of holonomy vectors of saddle connections
whose configuration is C. By construction the set V¢ (S) is centrally symmetric
with respect to the origin. To any function f with compact support on R? for-
mula ([@I2)) associates its Siegel-Veech transform fdeﬁned on the stratum Q. By
definition ([@I2)), choosing the characteristic function x, of a closed disk of radius L
centered at the origin of R? as a function f, we get as X1.(S) the counting function
Ne(S, L) of the number of saddle connections of type C and of length at most L on
the flat surface S defined by (@IT]).
Applying Siegel-Veech formula [@I3) we obtain

(4.16) m/g )?L(S)dul(S):bc(Q)/W (@) dady = be(Q) - wL?

By the results of A. Eskin and H. Masur [EM00], for almost all flat surfaces S
in the stratum Q7 one has

(4.17) Ne(S, L) = X5(S) ~ be - wL?

with the same constant be as in ([@I6]).

Formula ([I6) can be applied to Y for any value of L. In particular, instead
of taking large L we can choose a very small L = ¢ < 1. The corresponding
function X (S) counts how many (collections of) e-short saddle connections (closed
geodesics) of the type C we can find on a flat surface S € Q.

Consider a subset Q5(C) C Q; of surfaces of area 1/2 having a saddle connection
shorter than €. Consider a smaller subset Qi’thm C Q5 of those surfaces of area 1/2
in Q7 which have at least two distinct collections of flomologous saddle connections
of type C and of length at most e. Finally, define Q7"* as the complement
Qi _ Qi’thm.

For the flat surfaces S outside of the subset Q5 (C) there are no saddle connections
of the type C shorter than e, so X-(S) = 0 for such surfaces. For surfaces S from the
subset Qi’thwk (C) there is exactly one collection like this, so X-(S) = 1. Finally, for
the surfaces S from the remaining subset Q""""(C) one has X.(S) > 1. A, Eskin
and H. Masur have proved in [EMQQ] that though X.(S) might be large on Qi’thm
the measure of this subset is so small that

/ Xe(S) duy = 0(52)
Qi,thm (C)
and hence
RS dpr = VoI QE ) + o).
Q1

This latter volume is almost the same as the volume Vol Q5 (C), namely, by [MS93]
one has Vol Q5 (C) = Vol Q5"™*(C) 4 o(£2). Taking into consideration that

/ Xz(z,y) dz dy = me?
R2

and applying Siegel-Veech formula ([£I6) we get

Vol 95(C)

2 = b - 2
Vol o, o(e®) = be - me
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which implies the following formula for the Siegel-Veech constant b¢:

(4.18) be =1 25 Norg,

We complete this section by establishing an elementary relation between the
Siegel-Veech constant be used in §6] and in §4.6] and the Siegel-Veech constant c¢
used in §21 Recall that counting function (LI7)

Ne(S, L) ~ be - wL?

counts the number of saddle connections of type C of length at most L on the flat
surface S € Q1. By convention ] surfaces from Q; have area 1/2. Thus, applying
the asymptotic formula (23)) from Theorem 23] to the flat surface S € Q; we get

Ne(S, L) ~ ¢ T e a2
e € Areaof§ €T
which implies that
(4.19) bc = 20c .

4.7. Principal boundary. When saddle connections of configuration C are con-
tracted by a continuous deformation, the limiting flat surface decomposes into
one or several connected components represented by nondegenerate flat surfaces
S1,..., S/ . Let the initial surface S belong to a stratum Q(«), where « is the set
with multiplicities {d1,...,dx}. Let Q(a)) be the stratum ambient for S7. The
stratum Q(ap) = Qo)) U--- U Q(e,) of disconnected flat surfaces Sy U ---US;,
is referred to as a principal boundary stratum of the stratum Q(«). The principal
boundary of any connected component of any stratum of Abelian differentials is
described in [EMZ03]; the principal boundaries of strata of quadratic differentials
are described in [MZ08].

The papers [EMZ03], [MZ08] also present the inverse construction. Consider
any flat surface §' :== S{U---US], € Q(ag) in the principal boundary of Q(«);
consider a vector o € R? ~ C such that ||#]| < e. One can reconstruct a flat surface
S € Q(a) endowed with a collection of saddle connections of the type C such
that the linear holonomy along saddle connections is represented by +v, and such
that degeneration of S contracting the saddle connections in the collection gives
the surface S’. When the configuration C does not involve any cylinders, any flat
surface S" € Q1 and any holonomy vector ¢ define the surface S € Q5(C), basically,
up to some finite order ambiguity which can be explicitly computed. Moreover, the
measure in QF(C) disintegrates as the measure in Q;(ay) times the measure dug
in the space of parameters of the deformation. The latter space can be viewed as
a finite cover of the space of holonomy vectors +v, that is the quotient of the disk
D?/+ of radius ¢ over the central symmetry. As a result we get

(4.20) Vol (Q5(C)) = (explicit factor) - me? - Vol Q1 (al) + o(e?).

Thus, in order to compute the constant b¢ by formula ([£.I8)) it is sufficient to express
the volume of Vol Q;(a’) in terms of the volumes Vol Q1 (), ..., Vol Q;(a/,,), and
to compute the explicit factor, responsible for the fixed finite number of flat surfaces
S € Qf(a) which correspond to a fixed flat surface S’ € Q(a;,) in the boundary
stratum and to a fixed holonomy vector ¢. The first problem is simple; the answer
to this problem is given in §44t the second problem is solved for configurations
I-1IV in the remaining part of §4l
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FIGURE 13. Breaking up a zero into two. In the particular case,
when one of the newborn singularities is a simple pole, we can slit
along the resulting saddle connection of length ¢ to get a surface
with geodesic boundary of length 2.

The situation for configurations which involve a cylinder is slightly more com-
plicated, but similar to the previous one. In both cases, applying formula ([£I8)
and ([L20) we express the constant bc as

[15_, Vol Qi(a)
Vol (01 ()

4.8. Surgeries on a flat surface. Consider a flat surface S’ € Q1 (o) in a stratum
of meromorphic quadratic differentials with at most simple poles on CP?*, possibly
with a marked point. Fix some zero, or a simple pole (or the marked regular point)
P;. Consider a vector =7 € R?, defined up to reversing the direction. Assume that
¥ is much shorter than the shortest saddle connection on S.

The papers [EMZ03] and [MZ08] describe how to perform a small deformation
of the surface S’ breaking up the chosen singularity P; of degree d; into two sin-
gularities P/, P/’ of any two prescribed degrees d; and d} satisfying the relation

2
d,+d! = d;, where d;,d},d] € {—1,0,1,2,...}. The deformation can be performed
in such way that the holonomy vector of the resulting tiny saddle connection join-
ing the newborn singularities P/, P!’ is exactly +¢. This deformation is described
in details in sections 8.1-8.2 in [EMZ03] and in section 6.3 in [MZ08]. When at
least one of d;,d} is even, the deformation is local: it does not change the metric
outside of a small neighborhood of P; and it does not change the area of the flat
surface. When both d}, d/ are odd the deformation involves some arbitrariness and
involves some small change of the area of the flat surface. A discussion in the orig-
inal papers [EMZ03] and [MZ08] explains why both issues might be neglected in
our calculations.

The cone angles at the distinguished singularity is equal to m(d; + 2). Thus,
there are (d; + 2) geodesic rays in linear direction £¢ adjacent to P;. Take a small
disk D? of radius € centered in the origin and consider its quotient D? /& over the
action of central symmetry. Letting the vector & vary in D?/+ and taking care
of normalization (A7) of the measure dyuy on D?/+ we get a set of parameters of

measure

(4.21) be = (explicit combinatorial factor) -

2
(4.22) (d+2)-4~%:2(d+2)~wa2.

For this configuration the “(explicit factor)” in [@20) equals 2(d + 2).
Consider now a particular case, when one of the newborn singularities P/, P/,
say, P!" is a simple pole. Since d;+d = d; > —1, the singularities P/, P/’ cannot be
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simple poles simultaneously. Making a slit along the short saddle connection joining
P! to P/' we create a surface S with geodesic boundary. Note that the cone angle
at the singularity P/ was w. This means, that after opening up a slit, the point P/’
becomes a regular point of the boundary of 5’, see Figure In other words, the

boundary of S corresponds to a single closed geodesic with linear holonomy +v.

Parallelogram construction. In order to construct the subset Q5 (C) correspond-
ing to configuration II, we need another surgery. Given a flat surface S’ € Q1 ()
in a stratum of meromorphic quadratic differentials with at most simple poles on
CP!, given a pair of singularities P', P” on S’ and given a short vector +7 € R2,
we construct a surface with two boundary components creating a pair of small
holes adjacent to the chosen singularities P’, P”'. The surgery is performed in such
way that the holes have geodesic boundary with linear holonomy +4¢. Let d’,d” be
the degrees of singularities P’, P” respectively. The corresponding cone angles are
m(d' +2) and 7(d” 4+ 2). Thus, there are (d' + 2) geodesic rays in linear direction
+7 adjacent to P’ and (d” 4 2) geodesic rays in linear direction +¢ adjacent to P”.

The corresponding surgery is described in section 12.2 in [EMZ03] and in section
6.1 in [MZO08] as the “parallelogram construction”. This is a nonlocal construction,
S0 it is not canonical, and it changes slightly the area of the surface. Up to this
ambiguity (which can be neglected in our computations as explained in [EMZ03]
and in [MZ08§]), given the data as above, there are (d’' +2)(d"” 4 2) ways to construct
the described surface with boundary S. Take a small disk D? of radius € centered
in the origin and consider its quotient D?/+ over the action of central symmetry.
Let the vector £ vary in D?/4. Note that in the contrary to the previous case,
the saddle connection is now closed. Thus the measure along the fiber has the form

dpo = dx dy

and not the form (7)) as before. This implies that for this configuration the set of
parameters of deformation having holonomy vectors in D?/+ has the measure

V)

(4.23) (d" +2)(d" +2)- % :
d +2)(d" +2
For this configuration the “(explicit factor)” in (£20) equals %

4.9. Type I: A simple saddle connection joining a fixed zero to a fixed
pole or to a distinct fixed zero. Now we finally pass to explicit computation of
the Siegel-Veech constants following the strategy described above.

Throughout the rest of this section Q(dy,...,d;) denotes any stratum of mero-
morphic quadratic differentials with at most simple poles on P different from the
stratum Q(—1%) of pillowcases.

Theorem 4.3. For the configuration C of saddle connections of type I, i.e. for
saddle connections joining a fized pair P;, P; of distinct singularities of orders d;, d;,
the Siegel-Veech constant cc is expressed as follows:

)

Vol Qi (d; + dj, dy,dy, ..., d;, . ..
VOlQl(dl,.. .,dk)

Yy

ey dr)

(4.24) cc = (di +d; + 2)
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After plugging in Theorem [T 1], we get:

—  when both d;,d; are odd

(4.25) ¢ (di +dj +2)"" (d; + )N (d; + DN |7

. c = .
(di + dj + 1) d;!! d;!! )

5 otherwise

Proof of {{-24). The principal boundary Q;(ay) for this particular configuration C
is obtained by collapsing the saddle connection joining singularities of degrees d;
and d;. This operation merges two singularities to a single one of degree d = d; +d;.
Thus,

o~

ab ={d;+dj,dy,do, ... di,....dj,... di}.
By @.20)
Vol (Q5(C)) = (explicit factor) - me? - Vol Q1 (o) + o(e?),

where the “(explicit factor) - me?” in formula ([£20) stands for the measure of the
space of parameters of deformation corresponding to holonomy vectors in D? /4.
This measure was computed in [@22). Thus, we can rewrite [L20) as

Vol (Q5(C)) = 2(d+2) - w2 - Vol Qy (d; + dj, dy,da, . ... d;, ... d;,....dx) + o(c?).
Applying (£I]) and (EI9) to the above expression we obtain (£24)). O

We are ready to give a proof of Theorem (based on ([@28]) which would be
proved in §5).

Proof of Theorem[[8. Let Q(dy,...,dy) = Q(1,—1%). Let d; = 1, d; = —1. Ap-
plying ([E25) we get ¢; = 8/7%. Applying Theorem 24 to the L-shaped billiard
as in Figure M we get the coefficient % in the weak asymptotics of the number of
generalized diagonals joining a fixed corner with angle 7 with the corner with angle
37”, and thus prove formula [[L.IT0 and Theorem O

4.10. Type II: A simple saddle connection joining a zero to itself. The
configuration C of type II consists of a single separatrix loop emitted from a fixed
zero P; of order d; such that the total angle (d; + 2)7 at the singularity P; is split
by the separatrix loop into two sectors having the angles (d; + 3)7 and (d! + 3)7.
We assume that d},d; > —1, so we do not have any cylinders filled with periodic
geodesics for this configuration. The angles satisfy the natural relation

d;+d! =d; —4 d,d! > —1

1)
which implies, in particular, that d; > 2.

Our saddle connection separates the original surface S into two parts. Let
Pi,,..., P, be the list of singularities (zeroes and poles) which belong to the
first part and let Pj,,..., P, be the list of singularities (zeroes and poles) which
belong to the second part. This information is part of the configuration of this
saddle connection.

We assume that the initial surface S does not have any marked points; as usual we
denote by d,, the order of the singularity P,,. The set with multiplicities {d1, ..., dx}
representing the orders of all singularities (zeroes and poles) on S can be obtained
as a disjoint union of the following subsets:

{duy oo di}y = {diys o diy, YU{dy,, - g Y U {di)
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Theorem 4.4. The Siegel-Veech constant cc for this configuration is expressed as
follows:

(4.26) cc = UG L) 2)éd2/ 2.

(dime Q(d}, dy,., ..., ds,, ) — 1)! (dime Q(dY,dy,, ..., dj,,) — 1)!
(dime Q(dy, da, - .., dy,) — 2)! '
Vol Qi (dl, diy ..., di,, ) - Vol Qu(dY, dj,.....d;,,)
' Vol Q1 (dy, . .-, dy)

After plugging in Theorem [I1l we get:

1 (df+2)1 (d +2)1 (d; + 1)
(4.27) co== —1_ . :
8 (@ + DI (@ + DI

1 when both d;,d!

(k1 = 2)! (k2 = 2)! ) are odd

(k— 4)!

otherwise

Proof of (A20). Let
o = Adydiy s diy Y o= Ad]dyy . dy Y o = o Uy,

Contracting a saddle connection of type II and detaching the resulting singular flat
surface into two components we get a disconnected flat surface S’ = S/ LU S}, where
S’ € Q(ap). The stratum of disconnected surfaces Q(ay) is the principal boundary
for configuration II. By (£.20)

Vol (Q5(C)) = (explicit factor) - 7e? - Vol Q1 (al) + o(e?).
By (#9) we have

Vol Qu(af) = 5 - e Q((Cgan)n; géifl = ﬁ?ag) — Vol 0i(a)) - Vol @i (0

Note that by definition dim¢ Q(of) = dime Q(cr,) + dime Q(«),). Hence
dime Q(ag) = ((k14+1)—=2)+ ((k2+1)—2) = (k1 +k2)—2 = k—3 = dim¢ Q(a) 2.

The “(explicit factor) - 72" in formula ([@20) stands for the measure of the space
of parameters of deformation corresponding to holonomy vectors in D?/4-. For
configuration C of type II this measure was computed in ([@23)). Thus, we can

rewrite ([A20) as

! i
Vol (Q5(C)) = W 2.
1 (dlm(c Q(d;, dil, ceey dlkl) — 1)' (dlm(c Q(d;’, djl’ ceey dj,@) — 1)'
2 (dimg O(dy, da, - .., dy) — 2)! '

VOIQl(d;,dil,.. "dih) . VOl Ql(d;/,djl,.. "djkz) .

Applying (£I]) and (EI9) to the above expression we obtain (£20). O
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4.11. A “pocket”, i.e. a cylinder bounded by a pair of poles. Consider a
configuration C of type III where we have a single cylinder filled with closed regular
geodesics, such that the cylinder is bounded by a saddle connection joining a fixed
pair of simple poles P;,, P;, on one side and by a separatrix loop emitted from a
fixed zero P; of order d; > 1 on the other side. This information is considered to
be part of the configuration. By convention, the affine holonomy associated to this
configuration corresponds to the closed geodesic and not to the saddle connection
joining the two simple poles. (Such a saddle connection is twice as short as the
closed geodesic.)

Theorem 4.5. The Siegel-Veech constant cc for this configuration is expressed as
follows:

- di VOIQl(dl,dg,...,di—2,...,dk)
_Q(dlm(c Q(dl,...,dk)—2) VOlQl(dl,...,di,...,dk) '
After plugging in Theorem [T 1], we get

(428) ¢

di+1 1
(4.29) ce = 2(k—4)'7r2'
Proof of (A28). Let ap ={d1,...,di—1,di —2,dit1,...,dr}. Consider a configura-
tion of type III with a short saddle connection v joining a zero of degree d; to itself.
Contracting v we get a flat surface S” in the principal boundary stratum Q(ag).

To go backwards, we need to create a hole on S’ with geodesic boundary having
holonomy +# and attach a cylindrical “pocket” to this hole; see the right picture
in Figure[@ The cone angle at the singularity P; of degree (d; — 2) is 7 - d;. Thus,
having a surface S’ € Q(al) and a vector £¢ € D?/+ there are d; rays in line
direction +v adjacent to the singularity P;.

Note, however, that now a deformation involves not only the surface S’ from
the principal boundary and a holonomy vector +v, but also additional parameters
describing the geometry of the “pocket”. Geometrically, a “pocket” is equivalent
to a flat cylinder endowed with a distinguished line direction and with a marked
point on each of the boundary components. Thus, in addition to the holonomy
vector +v representing the waist curve, it is parameterized by the height h of the
cylinder and by the twist t of the cylinder, 0 < t < |¢]. Parameters h and ¢ record
the information about the holonomy along a saddle connection joining the zero P;
on one side of the cylinder to one of the simple poles, say, P;, on the other side of
the cylinder. The flat area of a “pocket” T'(£4, h,t) equals |¥] - h.

The measure dy in Q%™ () disintegrates into the product measure dy’ on
Q(a’) and the measure dv on the “space of pockets” R,

dp(S) = d(S") - du(T)

The parameter £ corresponds to the holonomy along a closed saddle connection,
while the parameters (h,t) correspond to holonomy along a saddle connection join-
ing distinct singularities. Hence, the resulting measure on the space of parameters
defining a “pocket” is
dv(T) = dv - 4dhdt .

Following Convention [ we denote by R the hypersurface of pockets of area %
Let S € Q1(a). We denote by 7S € Q(«) the surface proportional to the initial one
with the coefficient 7; in particular, area(rS) = r?/2, see Convention LIl We use
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similar notations rg S’ and r¢T for surfaces from Q(a/) and from R correspondingly.
We recall that the volume elements in the strata and the area elements on the
corresponding “unit hyperboloids” are related as follows, see [2):

dp = r*=Ydr du, , where n = dimg Q(a) = 2(k — 2)
du =" 'drg dpy, where ng = dimg Q(a') = 2(k — 4)

dv = r?p"TfldrT dvy, where np =dimgzR = 2.

Let S € Qi(a’). Consider a surface rgS’, where 0 < rg < 1; it has area
r%/2. Define Q(g,75) C R to be the set of pockets, such that performing an
appropriate surgery to rgS’ and pasting in a “pocket” from Q(g,rg) we get a
surface S € C(Q5()). Ignoring a negligible change of the area of the surface rgS’
after creating a hole, we get the following two constraints. The first constraint
imposes the bound on the area r%/2 of a pocket ryT, where T € Ry: the total
area of the compound surface S should be at most 1/2, so r% + r% < 1. The second
constraint imposes a bound on the length of the waist curve of the cylinder: after
rescaling proportionally the compound surface S to let it have area % we should
get a waist curve of length at most e. Thus, the waist curve of the original cylinder
should be at most /1% + r2. Clearly, the set Q(e,rg) does not depend on the
particular surface r4S” € Q(’), but only on the parameters rg and e.

We have seen that there are d; rays in line direction £ adjacent to the singularity
P;. Using the above notations we can represent the volume of a cone in Q;(«) over
Q5 (e, C) (see (@) for the definition of a cone) as

(4.30)  p(C(Q5(a,C))) = d; - Vol Qy () /0 vr(Qe,rg))ry™ " tdrs + o(e?) .

Denote by Cusp(e) the volume of the e-thin part of the “unit hyperboloid” in
the space of “pockets”:

Cusp(e) := Vol RS .

From the definition of the subset Q(e,rg) it immediately follows that its volume is
expressed by the following integral

\/1-r2 . 2 2
4.31 vr(Q(e,rg)) = srznT_l-Cus S VIS TR drp
(4.31) (7)) ; p( Y

0 T

Thus, we need to evaluate the following integral
(432) p(C(Q%(0,C))) = d; - Vol(Qy (a'))-

1 1-r% 2 2
_ _ e-\rg+r
/ T%"s 1d1"5/ 2T Cusp <7S T) drp + o(e?).
0 0

Lemma 4.6.

Cusp(e) = 2me>.

Proof. We first evaluate the volume v(C(R5)) of the corresponding cone. Pockets
belonging to this cone are described by the following conditions:

bl <1/2
5] <e-\/2h 7.
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Hence

Ve - ,
V(O(R;‘)):/ dﬁ/ th/ 2dt:4ﬂ-/ w<__i2>wdw_£,
D2/+ w/(2e2) 0 0 2w 2e 2

where w = |¢/]. It remains to apply ([@3):
v(C(R5)) = dimg R - Vol(R])
and to note that dimg R = 4. O

Having found the expression

2 2 2 2

e-\rg+r rg+r

Cusp <7S T) =2re2. 5 T 5 L
T 7

we can rewrite the integral (432]) as
(4.33) p(C(Q°(a,C))) =d; - Vol Qq(a)-

1 1-7r% r2 + r2
2me? / r%”sfldrs/ rprrt. S T 5 L drp +o(e?).
0 0 rr
Taking into consideration that ny = dime R = 2 we compute the above integrals
and get

2me?

(430 p(C(Q5(@,0)) = di+ Vol Qu(e) - 5

+o(e?).
It remains to note that
Vol Qi (e, C) = dimg Q(«) - p(C(Q1(,C))),
see ([L3), and that
dimg Q(a) = 2dime Q(a) = 2(dime Q(¢') +2) = 2ng + 4.

to get
d.
4. 105 =me? ——————— . Vol ! 3.
(4.35) Vol Q5 (a, C) = me dime O(a) =2 Vol Q1 (') + o(e?)
Applying (I8) and (ZI9) to the above expression we obtain (£.28). O

The rest of the discussion in §4.11] also depends on Theorem [Tl Consider a
slightly more general configuration: as before we consider a fixed pair of simple
poles P;,, P;,, but this time we do not specify which zero do we have at the base
of the cylinder. Clearly the corresponding Siegel-Veech constant cflozlzet is equal to
the sum of the Siegel-Veech constants considered above over all zeroes P; on our

surface S:
k

pocket
Cjrga = Z Ci-
i=1|d;>1
The following Corollary follows immediately from the formula (ZZ29) above.

Corollary 4.7. For any stratum of meromorphic quadratic differentials with at
most simple poles and with no marked points on CP' and for every fized pair P, , P;,

of simple poles, the Siegel-Veech constant cflo:jft is equal to

1
(4.36) cpocket —

Judz T 9p2”
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Proof. By assumption the stratum Q(d1,...,dy) does not contain marked points.
We can order d; in the reverse lexicographic order, so that di,...,d,, are positive
(i.e. correspond to the zeroes) and d, 41, . . . , dm4n are equal to —1 (i.e. correspond
to the simple poles).

Since we live on CP' we have Zle d; = —4 which is equivalent to > " d; =

n — 4. Hence,

pocket __

! md+1)1—
J1,J2 _2(;{_4» (l 2

7=

—

1 o 1 1 1 1
- 2(n+m—4)(zdi+zl)§: 2(n+m—4)(n_4+m)ﬁzﬁ'

m
=1 =1

O

Proof of Theorem[L3. Note that Theorem counts the number of generalized
diagonals joining two fixed corners of a right-angled billiard, while in the “pocket”
configuration we count the number of closed flat geodesics on the induced cylin-
der, which are twice longer. Rescaling, we get an extra factor 4 for the counting
problem in this alternative normalization. Applying Theorem 2.4 and taking into

consideration the factor I in formula (2] we get the answer

N(H L) W l 4 cpocket 7TL2
AT 4 “3 Area of the billiard table II

Plugging in expression [{30) for ¢?°** we get formula (I0). O

]

4.12. A “dumbbell”, i.e. a simple cylinder separating the sphere and
joining a pair of distinct zeroes. .

Consider a configuration C of type IV, where we have a single cylinder filled with
closed regular geodesics, such that the cylinder is bounded by a separatrix loop on
each side. We assume that the separatrix loop bounding the cylinder on one side is
emitted from a fixed zero P; of order d; > 1 and that the separatrix loop bounding
the cylinder on the other side is emitted from a fixed zero P; of order d; > 1.

Such a cylinder separates the original surface S in two parts; let F;,,..., P,
be the list of singularities (zeroes and simple poles) which get to the first part and
Pj,..., Pj,, be the list of singularities (zeroes and simple poles) which get to the
second part. In particular, we have i € {i1,... ik, } and j € {j1,...,Jk,}- We
assume that S does not have any marked points. Denoting as usual by d,, the order
of the singularity P, we can represent the sets with multiplicities o := {dy,...,dx}
as a disjoint union of the two subsets

{di, .. dip} ={di,, ... di, yU{dy, ..., dj,, }.

This information is considered to be part of the configuration.
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Theorem 4.8. The Siegel-Veech constant cc for this configuration is expressed as
follows:

d; - d;
(4.37) cc = — 7.

(dime Q(dy, ..., d;i — 2,....ds,,) — DI(dime Q(dj, ..., d;j — 2,...,d;, ) — 1)!
(dime O(dy, da, - .., dy,) — 2)! '

Vol Qi(diy,...odi —2,...,di,, ) - Vol Qu(dj,,....dj —2,...,d;,)

' Vol Oy (dy, .. .., dy) '

Plugging in Theorem [Tl we get:

(di +1)(dj +1) (b —3)! (kb —3)! 1

Proof of [@31). The proof is completely analogous to computation of the Siegel-
Veech constant for configuration III. Denote by o/, the set with multiplicities ob-
tained from {d;,,...d;, } by replacing the entry d; by d; — 2. Similarly, denote by
a, the set with multiplicities obtained from {d;,,...,d;, } by replacing the entry
d; by d;j — 2. Define o' := «, U «. Contracting the two saddle connections we get
a disconnected flat surface S’ in the principal boundary stratum Q(a’).

Given a flat surface S’ € Q(«’) and a holonomy vector +¢' we have d; separatrix
rays in direction +¢ adjacent to the point P; of S” and d; separatrix rays in direction
+0 adjacent to the point P;.

Following line-by-line the proof of (£28) in the previous section we get an expres-
sion for Vol Qf (e, C) completely analogous to ([35): the only adjustment consists
in replacing the factor d; by the product d;d;:

d;d,
— 2 .Vol ! 2.
dim¢ Q(ar) — 2 ol Q1) + o(e”)
Applying expression [@3) from 44 for Vol Q1 () and taking into consideration
that dime Q(o’) = dime Q(«) — 2 we can rewrite the latter expression as
did;
Vol Q5 (e, C) = me? - TJ
(dim(c Q(d“,,dl — 27"'7dik1) — 1)'(dlm(c Q(djl,...,dj — 27"'7djk2) — 1)'
(dlm@ Q(dl, dg, e ,dk) — 2)'
VOIQl(dil,...,di _2;---7dik1) . VOlQl(djl,...,dj _27"'5djk2) +0(52).

Applying (£I]) and (EI9) to the above expression we obtain (£37). O

4.13. Siegel-Veech constant Carea. Consider an SL(2, R)-invariant manifold in
a stratum of Abelian differentials or a PSL(2, R)-invariant manifold in a stratum
of quadratic differentials. Denote by c.,; the associated Siegel-Veech constant re-
sponsible for counting the maximal cylinders of closed geodesics and denote by cgreq
the Siegel-Veech constant responsible for counting the cylinders of closed geodesics
counted with weight

Vol Q5 («,C) = me? -

(area of the cylinder)

(area of the surface)

In [Vo05] Ya. Vorobets proved the following result:
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Theorem (Vorobets, 2003). For any connected component H™"P(«) of any stra-
tum of Abelian differentials and for almost any flat surface S € H{°""(«) the ratio
of Siegel-Veech constants corea/Ceyr satisfies the following relation:

CG.T‘BG. 1 1

Coyt  29—2+n dimg H(a)—1

Note that a configuration of ﬁomologous saddle connections of CP! involves
at most one cylinder. The following proposition states the Vorobets formula for
individual configurations involving cylinders for strata of meromorphic quadratic
differentials with simple poles on CP'.

Proposition 4.9. For any stratum Qi(dy,...,d,) of meromorphic quadratic dif-
ferentials with simple poles on CP' and for any admissible configuration C of saddle
connections involving a cylinder the following equality holds:

Carea(C) 1 1

o(C) dimc Q(d1,....dp) -1 n-3°

Proof. The proof consists in an elementary adjustment of the computation from
the previous two sections. We will present the computation of cgreq(C) for the
“pocket configuration” (configuration of type III) following the analogous compu-
tation in §4.J11 The computation for the configuration of type IV is completely

analogous and is omitted.
2
r
This time we have to compute the integral of the ratio ﬁT? of the area r2./2
Ts TTT
of the cylinder over the total area (r%+72)/2 of the entire surface. We integrate this
expression over Q5 (a, C). Note that this ratio is the same for proportional surfaces.

Thus we can integrate with respect to the corresponding cone C'(Q5(a, C)):

2 2
4 . 4
dpy = dimg Q(«) - / du(S)
/Qma s+t C(Q5(e) 5+ T
Moreover, the ratio of the corresponding Siegel-Veech constants satisfies
2
r
Jeior oon g du(S)
Carea a,C C(Qi(,C)) 42 2
(4.39) (@.0) _ yp, D g 4 1g

Ceyl (O[, C) €0 fC(Qi(a,C)) du(S)
The denominator

/ dp(S) = u(C(Q5(a,C)))
C(Qf(a,C))

of the above ratio is given by ([@33]). To evaluate the integral in the numerator
we modify [@33]) by multiplying the function inside the integral by an extra factor
r2./(r% + r2) obtaining:

2
(4.40) / % du(S) = d; - Vol(Qy (/) -
C(Q5(e0) T's T

2

1 1—-r%
2 2ns—1 2np—1 2
- 2me / i drg/ T dre 4+ o(e7),
0 0
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Taking into consideration that n7 = dimg R = 2 and evaluating the latter integral
we obtain

(4.41)

[ s = vl ei) i +ofe)
= a; - VO . ole .
C(Q5(,C)) T% + ’f'% K e 2TLS(2TLS + 2)(2”5’ + 4)

Plugging ([@4T)) and ([@34]) into expression ([@39) and recalling the definition
ns = dimg () = dime Q(a) — 2

we obtain
Carea(a, C) B 2 B 1
ceyi(,C)  2ng+2  dimg Q(a) —1°
which completes the proof of proposition O

Proposition immediately implies the following statement.

Corollary 4.10. For any stratum Q1(di,...,d,) of meromorphic quadratic dif-
ferentials with simple poles on CP! the Siegel-Veech constant cqreq 1S expressed in
terms of the Siegel-Veech constants of configurations as follows:

1

C, = E Cc .
area n_3

Configurations C
containing a cylinder

5. COMPUTATION OF THE VOLUMES OF THE MODULI SPACES

In this section, we prove Theorem [[L.T1 The approach taken here is somewhat
indirect.

5.1. An identity for the Siegel-Veech constant. The idea is to prove
formula (1)) in Theorem [I]
for the volume by induction, using the formulas expressing Siegel-Veech con-
stants in terms of the volumes. Namely, by Theorem 3] one has:

1 ELdj(dy +4)

Carea(Q(dh ) dk)) = Y
8w o dj +2

On the other hand, by the Vorobets formula applied to CP* (see Corollary 10

in §£T3) one has

1
Carea(Q(dla cey dk))

= . Cc .
dim di,...,dg)—1 Z
c Q( L ’ k) Configurations C
containing a cylinder

In view of 2.1 for CP! there are exactly two configurations containing a cylinder:
a “pocket” and a “dumbbell”. The formulas for the Siegel-Veech constants were
given in §41

Taking into consideration that dim¢ Q(dy,...,d;) —1 = k — 3, for any collection
dy,...,dj of integers in {—1,1,2,3} satisfying the relation

k
i=1
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we get the following identity:

k
1 dndi(d; +4) 1
51 — — L = :
S R T T
7j=1 “pocket’” “dumbbell”
con figurations con figurations

If we plug in the expressions ([@28)) and ([@37) into (E.II), we get a formula of the
form:

(5.2) Vol Qq(dy,...,d,) = Explicit polynomial in volumes of simpler strata.

The formulas (5.2)) clearly determine the volumes. Thus, to prove Theorem [L]
it is enough to show that the expressions for the volumes given by Theorem [Tl
satisfy the recurrence relation (.2]), or equivalently to prove the following:

Theorem 5.1. The explicit expressions [{.29) and (4.38) for the Siegel-Veech
constants satisfy the identity (51).

The proof of the Theorem [5.1]is quite involved and is done in Appendix [Al This
completes the proof of Theorem [I1]

6. COUNTING TRAJECTORIES AND ERGODIC THEORY ON MODULI SPACE

In this section we will prove Theorem 2.4l We modify appropriately the strategy
from §4.5] to obtain the asymptotic formula 2I)). The key tool is Theorem
proved by Jon Chaika in Appendix

6.1. Pointwise asymptotics. To understand the asymptotics for any set of spe-
cial trajectories for the flat metric associated to ¢ € Qs, we use ([I0) to reduce
the problem to understanding

1 2w

(6.1) ar ), Jlamea)do,

where fis the indicator function of the trapezoid defined in §£5.11 We are partic-
ularly interested in the metrics g, I1 € B. If f € L. (in the notation of §C), we
could directly apply Theorem to conclude that

2

.1 n 3
lim — f(geroqn)dd = ZbC(Q)
0

t—oo 27T

for almost every IT € B. Following an argument from [EMS03], we will approximate
f by such functions. Fix € > 0, let h. : Q1 — R be a continuous function with

(6.2) he(q) = {; jgg i

Here, (g) denotes the length of the shortest saddle connection on ¢g. The function h.
is a smoothed version of the indicator function of the compact part of the stratum
Q1. Given ¢ : Q7 — R, define

1 2w

(6.3) (Ai¢) (q) = Py . ®(gir0q)db.

For any ¢ € Oy,

~

64)  (AFh) (@) < (4F) (@) = (4:(Fhe) ) (@) + (4:(F(1 = ho)) (@)
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We follow [EMS03, p.435, proof of Theorem 2.4] . Fix 1 > n > § > 0. [EMO0Q,
Theorem 5.1] shows there is a C'(d) so that for all ¢ € Q

7 C(9)
. < .
(65) Flo) < i
On the other hand, 1 — h.(¢q) > 0 implies I(¢q) < ¢, so
- )

_ _s C(0
)"0 < et 5;@%'

f(@)(1 = he(q)) < flg) < l

Thus,
(4(F(1 = 1)) (@) < CE)"7 (407177 (g).
[EMO00, Theorem 5.2] states that for n < 1, there is a C; = C4(n,II) so that for all

t>0,
(A=) (qu) < Ci(n, 1)

Since fh;._- is continuous and compactly supported, for any II from the set of full
measure to which Theorem applies we get

tli)rgo (At(fh€)> (qn) = @ o fha(Q) dpi(q)

So we have

~

(6.6) tim inf A, flqm) > ﬁ | Pr@dim(a)

and

o~

. 1 -~ _
6.7)  limsup A f(qn) < ——=— [ Fhe(q)du(q) + C(5)Ci(n, e
t—o00 ,Ul(Ql) Q1
Combining (6.6) and (6.7)) and letting € — 0, we obtain, as desired, Theorem 2.4]
O

We complete this section with the proof of Theorem from §T.31

Proof of Theorem[I.d. The proof is completely analogous to the proof of Theo-
rem [Z4] above; we just have to carefully follow the normalization which is different

from the previous case.
By [EKZ14, Theorem 3| one has:

(6.8) Carea(Q(k1 —2,...,kn—2)) =
1 & (kj—2)(kj +2) 1 (4
- N2 W g A
87T2 Z kj 871'2 Z kj J
j=1 Jj=1
The length of a closed trajectory in II is the same as the length of the associated
closed geodesic on the covering flat sphere S. By definition, the area of the band

of closed trajectories on II is the same as the area of each of the maximal cylinders
on CP'. However, the flat area of S is twice the area of II. Thus, the ratio

(area of the band of periodic trajectories on IT)
(area of IT)

is twice larger then the corresponding ratio

(area of the maximal cylinder of periodic geodesics on S)
(area of 9) '
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Taking into consideration that the bands of closed trajectories in the polygon II
are in the natural one-to-two correspondence with the maximal cylinders of closed
regular geodesics on the covering flat sphere S, see Figure [6l we get

Narea(nu L) = Narea(sa L) .
It remains to note that
L? . Carea(Q) L?

Narea(S; L) ~ Carea(Q) .

area(S) 2 " area(Il)
to conclude that the constant in the weak quadratic asymptotic (II2]) in Theo-
rem [[9is one half of the Siegel-Veech constant ¢greq(Q) from (G8)). O

A. PROOF OF COMBINATORIAL IDENTITY

In this appendix, we prove Theorem[E.Il Our proof follows the following scheme. In
section [AJ] we rewrite the conjectural identity (5] in a more detailed form (A7)
and then applying elementary algebraic manipulations we rewrite it again in the
form ([(A2)). In section [A2] we rearrange the summation in (A22)) and in section [A3]
we introduce multiindex notation. Combining this rearrangement with new nota-
tion we rewrite the conjectural identity in the form (A.3]).

In section [A4] we introduce generating functions F(s) and G(s) as power se-
ries in (multi)variable s with coefficients involved in the conjectural combinatorial
identity (A23). The desired combinatorial identity (A3) now wraps to the identity

F2(s) L G(s). At this stage we have just gained a more concise and convenient
form for the conjectural identity, nothing serious has happened.

In section we introduce an entire collection of auxiliary generating functions
M,(s) indexed by a positive integer a (and depending on an integer multiindex
parameter b):

M,(s) := Z A(a;b; k)sk
ke (zz0)m
where the Mohanty coefficient A(a;b;k) is defined in section By a theorem
of Mohanty [Mh66], all these generation functions M,(s) are expressed in terms
of M (s) denoted by z(s) := M;(s). Moreover, all these generation functions are
expressed in terms of z(s) in a very simple way, namely,

M, (s) = 2%(s) .

By the same theorem of Mohanty, the basic generating function z(s) satisfies the
functional relation

() 1—z—|—Zsizbi:O.
i=1

Note that this relation is polynomial in the basic generating function z and in formal
variables s = (s1,...,Sm).

The strategy of the proof is to express our generating functions F(s) and G(s) as
polynomials in Mohanty functions M,(s) = z*(s) and formal variables s. As soon
as we get the corresponding expressions for F' (Lemma [A3]in section [AL6) and G
(Lemma [A4] in section [AT)) we express the difference G — F? as a polynomial in
z and formal variables s and show (Theorem [A2) that in the resulting polynomial
one can factor out the square of expression (x). Since by Mohanty’s Theorem this
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expression is identically zero, this proves that G — F? is identically zero, which
completes the proof of Theorem [B.]

A.1. General identity to prove. Let di,...,d, be the degrees of zeroes only.
Let the number n of simple poles is expressed asn = 4+>_." | d;. The total number
k =m + n of all singularities is, thus, expressed as k =4+ > _" | (d; + 1).

Recall that all zeroes and poles are named. A “pocket” configuration is uniquely
defined by a choice of a distinguished zero (at the base of the cylinder) and by a
choice of an unordered pair of simple poles (corners of the “pocket”); all choices of a
zero and of a pair of poles are admissible. When the distinguished zero at the base
of the cylinder has degree d;, formula [£29) gives the following value for the Siegel-
Veech constant c¢ for an individual “pocket” configuration (with distinguished zero
and distinguished pair of fixed poles):

di+1 1

CTATT i+ ) W

where we have replaced k — 4 in the denominator of formula @29) by k& — 4 =
>, (di +1). For each choice of the zero in the “pocket” configuration there are

()= (5

ways to chose a pair of distinguished poles. Hence, the total impact of all “pocket”
configurations to the right-hand-side of (5 (based on formula (£29)) can be
written as

1
e RPN

"
“pocket
configurations

1 <4+Eﬁﬁi>m di+1 1

(1 + 221(‘11’ + 1)) 2 Z 2(221(@ + 1)) . ﬁ -

i=1

1 1 443" d;
Tom? (143 (di+ 1) 2 '

A “dumbbell” configuration C is uniquely defined by a choice of the following
data. We need to choose zeroes go to one part of the “dumbbell”; all the remain-
ing zeroes go to the complementary part. In other words, we have to consider all
partitions of the set {1,...,m} enumerating the zeroes into two nonempty com-
plementary subsets {i1,...,%m, } U{j1,...,Jm,}. For each such partition we have
to consider all possible choices of a distinguished zero (at the base of the cylinder)
in each of the two groups. After that, we have to choose ny = 2 4+ > d; out
of n =4+ %" d; simple poles which go to the first part of the “dumbbell”; the
remaining simple poles go to the other part. When all these data are chosen and
when the distinguished two zeros (one in each of the two groups) at the base of
the cylinder have degrees d;, d;, formula ([@38]) gives the following value for the
Siegel-Veech constant c¢ for the individual “dumbbell” configuration:

(di + 1)(d; +1) (=1+ 320 (di+ 1) (—1 + 2055y + 1))! 1
Cc = . . —_

2 (i (di + 1)) 2
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Here we have replaced k in the denominator of @38) by k =4+ >.7",(d; + 1),
and have replaced k; and ko in the numerator of [@38) by k1 = mi +n1 =
24330 (di + 1) and by ka = mg +n2 = 2+ 37 (d; + 1) correspondingly.

For each partition of the set {1, ..., m} enumerating the zeroes into two nonempty
subsets {i1,...,4m, } U{j1,--,Jm,} (which makes part of the “dumbbell” configu-
ration) there are

(4 + ZZ1 di)!
(24+ 200 da)! 2+ 2052 dy)!

ways to partition the simple poles between two parts of the “dumbbell”. Taking
into consideration this counting and plugging in the explicit conjectural expres-
sions (£29) and ([A38)) for the Siegel-Veech constants c¢ into (B.I]) we observe that
the right-hand-side of (5]) can be read as

?
k—3 > et X el =
“pocket’ “dumbbell”
con figurations con figurations

21 1 4430 d;
a W'(HZZ’L(C&H))'(( 2 )

(4+ 30", d)!
1Si<zj§m ! partitions ofz{l ..... m} into (2 + Eizll dl)'(2 + Zjﬁl dj)'

{il ..... ’iml}u{jl ..... ng}
such that ¢ is in the first subset
and 7 is in the second subset

(14X (di+ D) (= 1+ 372 (d + 1))!)
(ZZl(di + 1))! '

Multiplying both parts of the conjectural identity by the common factor
An? . (1 +) (di+ 1))
i=1
moving the binomial coefficient

44370 d;
)

coming from the “pocket” configuration to the left-hand-side of the identity and
simplifying the resulting expressions we get the following conjectural identity:
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(A1) ( i d+1>-<1+§;(di+l)>—<4+§;di>(3+Zd>:’

2. (4+Zz 1 )'

(> 1d+1)| (di +1)(dj +1) -

1<i<j<m

(= 1+ (dry + ) (= 12072 (ds; +1))!
2 RS S IR GRS 5 e

partitions of {1,...,m} into
{"'1;~~~7"‘m1 }‘—'{517~~~;5m2}
such that ¢ is in the first subset
and j is in the second subset
This is the identity which we need to prove.

Changing the order of the summation we can first sum over all possible parti-
tions of the set of indices {1,...,m} and having chosen the partition we consider
all possible ways to select a distinguished element i in the first subset and a dis-
tinguished element j in the second subset. Note, however, that we will see each of
the elements of the above sum twice. Thus, collecting the resulting sums we can
rewrite the sum in the right-hand-side of the above expression as follows:

(= 1+ (dr + D) (= 142072 (ds, +1))!
2 IS S NGRS S I

partitions of {1,...,m} into
two nonempty sets
{"'1;~~~7"‘m1 Fu{s1 ser9Smg }

> (dr,+1) S (s, +1)| =

1<i<my 1<j<ma

_ 5 (X7 (dr + D) (72 (ds, +1))!
N C+Xde)! - (2+ 272 ds))!

partitions of {1,...,m} into
two nonempty sets

{riseormy Ju{s1,smy }

Hence, we can rewrite the right-hand-side in (AJ)) as a sum over the ratios of
binomial coeflicients:

4+, di)! > (X (dr, + 1) - (75 (ds, +1))!
(X5 (di +1))! (2425 dr)t- (24 272 ds)!

partitions of {1,...,m} into
two nonempty sets

{ri,..., Tmg JU{s1,..., Smo )

4+370 di
= Z 2 + Z’lnlll drl
partitions of {1,...,m} into < Ei:l(di + 1) )

two nonempty sets m1
{T1;~~~7Tm1 }‘—'{517~~~;5m2} l:l(d” + 1)
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Finally, omitting the conditions that the subsets of the partition are nonempty,
we get two extra terms. It is immediate to verify that their sum is equal to

(15 [+

and, thus, we can rewrite the needed conjectural identity (AJ) as follows:

(A.2) ( Zm: d+1>~<1+i(di+1)>l

4+ 37" d;
2 3 2+ >0 dy,
partitions of {1,...,m} into < Zi:l(di + 1) )

two complementary sets mi
l:l(dﬂ + 1)

{T1;~~~7Tm1}‘—I{517~~~;5m2}
We will show that (A2]) is valid for any nonempty collection of nonnegative
integers {dy,...,dmn}.

A.2. Identity in terms of multinomial coefficients. Let ny be the total num-
ber of entries d in the set (with multiplicities) {d,...,dm}. The left-hand-side of
conjectural identity (AZ2) can be expressed as

(64—;%”(1) : <1+Zd:(d+1)nd> .

The right-hand-side can be represented in terms of ny as

SRS (1)(0)-

(ald+Dka)! - (3 4(d 4 1)(na — ka))!
(2+de kd). (2-‘1-2(1 (nd—kd)).

:”1'”2 A+, dng)! i i

ONCESTTH PSP
(2oald + 1)kq)! . (2_ald +1)(ng — ka))!
kilko! oo (2+dekd)' (nl—kl)'(ng—kg)'(2+(de(nd—kd))'

Note now that the common factor is (up to four missing factors) is a multi-
nomial coeflicient and that the bottom line is a product of two “complementary”
multinomial coefficients (with two missing factors each).

A.3. Notation. To simplify the otherwise complicated factorials and terms, we
introduce some notation: k = (k1,...,km),s = (s1,...,8m), and d = (d1,...,dn)
are all m-tuples. We will think of k,d € (Z=°)™, and s as variables. We write

1:(1,1,...,1)::Zm:ei,
=1

where e; are the standard basis vectors. Let n denote an integer.
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Inner Product:
k-d:=Y ki
i=1

is the standard inner product.

Factorials:
k=117 k!

Multinomial Coefficients:
ny n
k)" \ki,....km,n—k-1

Deletion of variables: Here, we can have i = j:

k'=k—e k' =k—e; —e;

Powers:
_Tm k
=12 ;s

We redefine notations d and m denoting from now on by d the original set
{dy,...,dy} with suppressed multiplicities. In other words, we define the new d
as the set of distinct entries of the original set {dy,...,d}. We also redefine m
denoting by m the cardinality of the new set d. Applying manipulations performed
in §A.2l we can rewrite the identity we need to prove in the following way:

(A.3)
i(d;

(2+(d+1).n).(3+(d+1).n).(4+(d+1).n)'< n

7 o 1 24+(d+1)-k
_kz_%(u (d+1)- k)(2+(d+1)-k)'< k
1 24(d+1)-(n—k)
' (1+(d+1)~(n—k))(2+(d+1)(n—k)).< n-k
A 4. Generating Functions. We define
F(s) i Z (2+(dl-{i-1)»k) Sk
’ ke (g (1+d+1)-k)2+(d+1)-k) ’
and
m di(di+1)
Gls)= > 2+d+1)- kG)ZEr:(d ¥ i)ﬂk)]zzl Y(d+1) k)

.<4+(d+1)-k

k

4+(d+1)-n

)

47

?

) |
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In terms of these generating functions, the conjectural identity to be proved
becomes

Pig.

A.5. Mohanty’s Formula. Our main tools are the combinatorial identities devel-
oped by Mohanty [MhGG]. We recall formulas (31) and (32) of [Mh66], in our own
notation. Given a € N, b,k € (ZZ%)™, define the Mohanty coefficient

a a+b-k
Ala; bik) —m< K >

We have
Theorem A.1. [Mohanty [MhG66], (31) and (32)] With notation as above, we have

Z A(a; b k)s* = 22,

ke (z20)m

where

1 —z—i—isizbi =0.
i=1

Since we will use only one b, namely b = d + 1, we will abbreviate the Mohanty
coefficient by defining A(a; k) = A(a;d + 1;k).
In the rest of the appendix we prove:

Theorem A.2.
F? =G.
More precisely,
1 m ’
(A.4) G(s) = F*(s) — 122 <1 —z+ Z sizdi+1> )

where z is as in Mohanty’s formula Theorem [A1] for A(a; k) = A(a;d + 1;k), so

1—2+ Zsizdiﬂ =0.
i=1
To prove this formula, we will derive formulas for F' (§A.6) and G (§A.7)), and show
(Ad).

A.6. Formula for F'. Our first lemma is the formula for F:

Lemma A.3.

where
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Proof. We expand the right hand side using Mohanty’s formula, and equalize the
sk terms of the right hand and left hand sides. The right hand side expands,
term-by-term, as:

s
2

m

Z di+2 di+2+(d+1)-k
- 2d +2+(d+1)-k k

1, 1 2 24+ (d+1)-k

s -

2 224+ (d+1)-k k

N 1 1+(d+1)-k
1+(d+1) -k k '

The s¥ terms of each of the second and third expressions can be read off directly.
For the first, we have:

E . ~ 1 di+2+(d+1) K
¢+2 i
z;d +2° H;di+2+(d+1)-ki< ki )

Observing that

a+di+(d+1)-ki=a—-1+(d+1)-k,
we can re-write this as

TN Si gan 1 1+(d+1)-k
At 2 '—>21+(d+1)-k( ki '

Thus, our identity reduces to showing that :

(2+(dl:r1)~k)

(14+(d+1)-k)(2+(d+1)-k)

- 1 1+(d+1)-k
Sramrowl )

i=1

sl ) e )

Multiplying through by

is the sum of

and

(I+(d+1)-k)2+(d+1)- k),
our identity reduces to showing that

<2+(d;1)~k>

equals

(2+(d+1).k)<<1+(d+1 >+i< d+1) k))_

- +(d+1)-k)'

(1+(d+1)-k)<2 ;
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Moving the last term to the left hand side, and canceling the resulting (2+(d+1)-k),
our identity reduces to:

24+ (d+1)-k\ /(1+(d+1)-k +Z’”: 1+(d+1) -k
k N k P ki ’
which is the basic identity for multinomial coefficients

(- ()2
withn =2+ (d+1) - k. O

A.7. Formula for G. Our second main lemma is a formula for G:

Lemma A.4.

m

3 1 1 (K dysiztite (d; — 2)s;24+3
Ie. _22_ 1.3 + 51 _ i 7 _
(8) =737 +3 <i1 di 12 Z di 12

i d/l(dz + 4)Si8j24+di+dj
e (di +2)(4+d; + dj)

Before we prove this lemma, we prove Theorem assuming it.

A.8. Proof of Theorem [A2l We want to show (A4]) assuming Lemma [A4] (and
Lemma [A3]), that is, we want to show

(A.5) G(s) = F2(s) — 322 <1 —z+ i sizd”l) .
i=1

Expanding F?(s) using

we obtain

>(z ) <>()(>
(s

Expanding this expression for F2(s), expanding the second term in the right-hand
side of (AZ5) and simplifying, we obtain three types of terms in the resulting ex-
pression for the right-hand side of (A.5):

. . 3,2 1.3
Simple powers: 12° — 5z

i . m 2 1 di+3 m 1 1 di44
Single sums: Zi:l (m _ 5) g;2%t3 4 Zi:l (5 _ m) s, 2%t

. m 1 1 o . A+di+d;
Double sum: Zi,j:l (m - Z) SiSj% J
Expanding Lemma [A4] in a similar fashion, we have the corresponding terms for

G(s):
2

. . 3
Simple powers: 12° —

1.3
52
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Single sums: Y ", ( e +2)) 5;2d 3 LM (2(d +2)) it
. di(di+4) 1 dt-di+d;
Double sum: —3>71"_, (mm) si8;24Fditds

A quick inspection shows that the simple powers and single sums are equal. For
the double sum, we need to combine the (4, 7) and (j,4) terms in both sums (note
that the terms are identical in the F'? expansion, but not in the G expansion), and
check their equality. The F? term is thus

2 G —m)

and the G term is

_ 1 (di(di +4) n d;(d; + 4))
44di+d;j \ 2(di+2)  2(d;+2) )

To check their equality, we reorganize and obtain:

—4+(di +2)(dj +2) 2 1 <di(di+4)(dj+2)+dj(dj+4)(di+2))
2(d; +2)(dj +2)  2(4+d;i+d;) (d; +2)(dj +2)

Cancelling and cross-multiplying, this reduces to
(44 di + dj)(didj + 2d; + 2d;) = (d} + 4d;)(d; + 2) + (dF + 4d;)(d; + 2),

which is easily verified. O

A.9. Proof of Lemma [A 4l Recall that the sk term for G is

(A.6)

D 44 (d+1) -k
(2+(d+1)-k)(3+(d+1)k)(4+(d+1)-k)( K )

We observe

di(d; +1) 2
AT -1 ——,
(di +2) +di+2
and write
3
5((4+d k)—d- k).

Using these, we rewrite the term (AG]) as the product of three terms:
Numerator: (%(4+d-k)—z ( di+1-— d+2)k)

Partial Fractions: (2+(d11),k - 3+(d11).k)

Multinomial Coefficient: L (4+(d+1)'k) = M

T @tk Kk (d+d-K)!

We consider terms from this triple product in turn.
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A.9.1. k;-terms. First, we consider the individual term

1 1 1 B3+ (d+1)- k)
(5di+1_m> ki<2+(d+1)-k_3+(d+1)'k> Kd+d-kt

Keeping the (%dl +1-— L) term outside for now, and considering only the first

d;+2
part of the difference, we are interested in
1 34+ (d+1)- k) (14 (d+1)k)!
k; =B+d+1) k\——F——7"
Tk Kitd e TR aE T
Expanding ‘
3+(d+1)-k)=(4+d-k)+1-k",
we first consider
14 (d+ 1)k)! 1+ (d+1)k)!
rd i@l (1 @k
kil(4+d-k)! kil(3+d - k)!
o (di +2+ (d+ 1)k
~ kil(d; +3+d- k)
- 1 d; +3 di+3+(d+1)-k
- di+3di+3+(d+1)-k ki
1 .
= Adl 3;1{Z
d; +3 (d: + )
Now expa,ndlnglkl:(kl—l)—f—zj;ﬁz kj,we have the terms
o 1)(1+(d+1)k)! B 1 4+ 2d; 442d; + (d+1)- k"'
! kil(4+d-k)!  4+2d;4+2d;+ (d+1)- ki kbt
1 .
= —— A4+ 2d; k"
44 2d; 4+ )
and
(.)(1+(d+1)k)! - 1 4+d; +d, 4+d;+dj+(d+1) kM
7 kil(4+d k) 4+di+djd+di+dj+(d+1) kb kv
1 o
= - , g
4+di+de(4+dl+dj,k )
Collecting all of these, we have
e 1 B4+ (d+1)-k)!
24 (d+1)-k kl(4+d-k)!
1 B 1 .
— A + 3K L A(+d+dyK
di+3 (di + )+;4+di+dj (4+di+dj5 k™)
Next, we work with the factor
ks 1 B+d+1)-k)! _(2+(d—|—1)-k)!
‘3+(d+1)-k kl(4+d-k)! kil(4+d - k)!

(34+di+(d+1)- k)
kil(4+dy +d-k')!

1 ,
= - A4+ di K
di+4(+ )
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These k; terms come with the factor of

1 2 _di(di+4)
(§dz+1_ di+2> T 2(di +2)°

so we have that their total contribution is:

i i(di +4) [ A(d; +3;kY)  A(d; + 4; k) i A4+ d; + dj; k)
— 2(d; +2) d; +3 di +4 — 4+d; +d,
Summing over k € (ZZ°)™, we obtain, using Mohanty’s formula,

i dz(dl + 4) SiZdH_3 Siz

) b s
2(d; + 2) d; +3 d; +4 = 44d; +d;

(A7)
=1

A.9.2. 3(4+d-k)-terms. We now expand the 3 (4 + d - k)-terms, keeping 3 on
the outside for now. That is, we consider
. |
(4+d-k) (2 n (di— Tk 37 (di— 1. k) (31:(4(Ld++d1-)k)l!()'
As above, we first work with the term
1 B3+ (d+1)-k)!
24(d+1)-k kl(4+d-k)!

(1+(d+1)-k)!
k!(3+d-k)!
(1+(d+1)- -k)!
k!(3+d-k)!
The 1 -k term can be split up into individual terms, and as above, we have

(1+@d+1k)! (Q+d+1k)! 1 | N
THMBTd R KBrd R 4ok

The (3 +d - k) term yields
(1+d+1)-k)!  (14(d+1)-K)
BHd O mTa g —  Keid R
1 2 2+ (d+1) k
§2+(d+1)-k< k )

1
= SAEZK)

(44d-k) 3+ (d+1)-k)

= (3+d-kK)+1-k)

Thus we have

1 (34+(d+1) -k)! A(2k) Z’”: A(d; + 3;kY)

Urd- Ko @ Dk Wetd ol 2 413

i=1
We are left with the term
1 3+ (d+1)-k)! 1 3 (3+(d+1)-k)

—(4+d'k)3+(d+1).k Kd+dkl —  334(d+1)k g

1
= —ZABGK)
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Combining the above, and recalling the coefficient of %, and summing over k €
(Z=%)™ we have the total contribution of the 2 (4 + d - k)-terms:

3 /(1 1 Mg pdit3
A8 22223 i
(A-8) 2(22 3Z+.1di+3>

1=

A.9.3. Combining terms. To conclude, we combine equations (A7) and (AR) to
obtain

3 (1 1 g zdit3
Gis) =2 (L2 L. i -
®) 2(22 37 T LTd, 43
Zm di(d; +4) [ s;z%+3  gzbitd 5;5; 2 Hditds

2(d; +2) \ di+3  d;+4 = 4+di+d

i=1
Collecting terms, we have

3 1 5283 03 di(dy + 4)
Ie. _ 22 _ 1.3 (223 QO Wi\l
(8) =37 ~3° 270 +3 (2 2(di+2)>+

L[ disiz®t i di(d; +4) sis;z* Tt
di+2 4+d;i+4d;

i=1 ij=1

Finally, using
di(di +4) _ 1(di+3)(di —2)

2(d; + 2) 27 di+2

3
2

we get

523 13 di(di +4) 1di—2 4.4
2_ BT 2 L dit3.
d; +3 \2 2(di+2) 2d; + 2

Substituting this into our expression for GG, we obtain as desired

m

3 2 1 3 1 < i disizdi+4 Z (dz - 2)Si2di+3

Gls) =37 —57 +3 410 )

1=

zm: di(d; + 4)s;s;24+ditds
(di + 2)(4 +d; + dj)

ij=1

B. COUNTING PILLOWCASE COVERS

In this Appendix we describe the original approach to calculating the volume of
the moduli space of Abelian and quadratic differentials suggested by H. Masur,
M. Kontsevich, and the authors, and developed with success by A. Eskin and
A. Okounkov, see [EO01L[EOQG]. This approach was also used in [Z00] and [EMS03].
The key idea is to translate the volume calculation into a counting problem for
“integer points” , which geometrically correspond to square-tiled surfaces for the
moduli spaces of Abelian differentials and to pillowcase covers for the moduli spaces
of quadratic differentials.

In §B1] we show why volume calculation is equivalent to counting the lattice
points. In §B.2] we recall the definition of the pillowcase cover, show that counting
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of lattice points is equivalent to the counting problem for pillowcase covers and
prove Theorem

B.1. Reduction of volume calculation to counting lattice points. The vol-
ume of a stratum Qq(dy, ..., dy) is defined by (@3] as

VOlQl(dl,...,dk) = dirnR Q(d/l,...,dk) 'M(C(Ql(dl,...,dk)),

where p(C(Q1(d1,...,dy)) is the total volume of the “cone” C(Qi(dy,...,dy)) C
Q(dy,...,dr) measured by means of the volume element dp on Q(dy,...,dy) de-
fined in §411 The total volume of the cone C(Q;(dy,...,ds)) is the limit of the
appropriately normalized Riemann sums.

The volume element dyu is defined as a linear volume element in cohomological
coordinates, normalized by certain specific lattice. Chose a positive € such that 1/e
is integer, and consider a sublattice of the initial lattice of index (1/g)dime (d1-.dx)
partitioning every side of the initial lattice into 1/e pieces. The corresponding
Riemann sums count the number of points of the sublattices which get inside the
cone. Thus, by definition of the measure u we get

/J,(C(Ql (dl, ce ,dk)) =
lir% gdimrQ(dy,....dx) (Number of points of the e-sublattice inside C(Q1(ds, ..., dy))).
E—r

We assume that 1/¢ is integer. Note that a flat surface S represents a point of
the e-lattice, if and only if the surface (1/¢) - S (in the sense of definition (A1)
represents a point of the integer lattice. Denoting by C(Qn(dy,...,d))) the set
of flat surfaces in the stratum Q(dy, ..., dy) of area at most N/2, and taking into
consideration that

area((1/e)-S) = 1/&* - area(S)

we can rewrite the above relation as

(B.1) w(C(Qi(dy,...,dg)) = lim N~ dimeQdidi),
N—+oc0

(Number of lattice points inside the cone C(Qn/(ds,...,dy)).

B.2. Lattice points, square-tiled surfaces, and pillowcase covers. Let A C
C be a lattice, and let T? = C/A be the associated torus. The quotient
P=T?/+

by the map z — —z is known as the pillowcase orbifold. It is a sphere with four
(Z/2)-orbifold points (the corners of the pillowcase). The quadratic differential
(dz)? on T? descends to a quadratic differential on P. Viewed as a quadratic
differential on the Riemann sphere, (dz)? has simple poles at corner points. When
the lattice A is the standard integer lattice Z @ iZ, the flat torus T? is obtained
by isometrically identifying the opposite sides of a unit square, and the pillowcase
P is obtained by isometrically identifying two squares with the side 1/2 by the
boundary, see Figure [14]

Consider a connected ramified cover P over P of degree N having ramification
points only over the corners of the pillowcase. Clearly, P is tiled by 2N squares
of the size (1/2) x (1/2) in such way that the squares do not superpose and the
vertices are glued to the vertices. Coloring the two squares of the pillowcase P one
in black and the other in white, we get a chessboard coloring of the square tiling of
the cover P: the white squares are always glued to the black ones and vice versa.



56 JAYADEV S. ATHREYA, ALEX ESKIN, AND ANTON ZORICH

7
R /
I
- T = - —+]-
I o e B
L -
\/ |‘ i |‘ l‘ E

FIGURE 14. Pillowcase cover (on the left) over the pillowcase orb-
ifold (on the right). A general pillowcase cover it is not necessarily
glued from two identical polygons.

Lemma B.1. Let S be a flat surface in the stratum Q(dy,...,dy). The following
properties are equivalent:

(1) The surface S represents a lattice point in Q(dy,...,dx);

(2) S is a cover over P ramified only over the corners of the pillow;

(3) S is tiled by black and white (1/2) x (1/2) squares respecting the chessboard
coloring.

Proof. We have just proved that (2) implies (3). To prove that (1) implies (2) we
define the following map from S to P. Fix a zero or a pole Py on S. For any P € S
consider a path (P) joining Py to P having no self-intersections and having no
zeroes or poles inside. The restriction of the quadratic differential ¢ to such v(P)
admits a well-defined square root w = =£,/g, which is a holomorphic form on the
interior of . Define

(B.2) P>—></(P)w modZEBiZ)/:I:.

Of course, the path v(P) is not uniquely defined. However, since the flat surface S
represents a lattice point (see the definition in §4.1]), the difference of the integrals
of w over any two such paths v1(P) and ~2(P) belongs to Z & iZ, so taking the
quotient over the integer lattice and over + we get a well-defined map. By definition
of the pillowcase P we have, P = (C/(Z & iZ)) /£. Thus, we have defined a map
S — P. It follows from the definition of the map, that it is a ramified cover, and
that all regular points of the flat surface S are regular points of the cover. Thus,
all ramification points are located over the corners of the pillowcase.

A similar consideration shows that (3) implies (1). O

Let Sqn(di, ..., d) be the number of surfaces in the stratum Q(dy, ..., dy) tiled
with at most N black and N white squares respecting the chessboard coloring.
Lemma [B] allows us to rewrite formula (B as follows:

H(C(Qu(dr, - dy)) = lim N7 QD) Sqy (da, )

Taking into consideration ({3]) we get
(B.3) Vol Qy(dy,...,dy) = 2dime Q(dy, . .., dy) -

Jlm N e QU@ §q y (dy, - d)

We now state and prove two Lemmas which we use in the proof of Theorem .3}
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Lemma B.2. For any n,v as above the following asymptotic relation is valid:

N 0
(B4) lim Z](\i[:l COVO4¢;(T]5 V) _ 2@(7}) ,
N=doo 3751 Covyy (n,v)

where £(n) is the number of entries in 7.

Proof. Let P be a zero of even degree of a quadratic differential, and U.(P) a
multidisc of flat radius € centered at P. Choosing e sufficiently small, we can
assume that U.(P) is embedded into the ambient flat surface. (For example, for

the flat surface P induced from the standard % X % square pillowcase P by means

of the cover g : P — P one can choose any ¢ satisfying 0 < ¢ < %) Choose
an orientation of the vertical direction in U.(P). For any vector ¢ € R? such
that ||U]] < e there is a unique way to move the zero P in direction ¢ by the
distance ||7]| via a local move inside U(P) keeping the flat metric outside of U(P)

unchanged. The corresponding local surgery (called, depending on the author and

F1GURE 15. Cartoon of a local move of a zero of even degree.

the context Schiffer variation, or deformation along the kernel (or Rel) foliation,
etc) is represented in Figure T8 where the separatrix rays (“prongs”) adjacent to P
are chosen to be parallel to the vector . This local deformation can be performed
as follows. Make short slits along all prongs in direction v and open them. The
original conical point of a cone angle 7 - 2k gives rise to 2k marked points on the
sides of the slits. Move the marked points along the sides of the slit by the distance
|#]] in direction ¢ and zip the slits back up to the new marked points. All new
marked points get identified into a single conical singularity with the cone angle
7 2k. Note that usually, the flat surfaces obtained after deformations along vectors
¢ and —v are generically non-isomorphic.

Consider now a pillowcase cover mg : P — P as above. As the base sphere choose
the standard pillowcase P endowed with the quadratic differential qo = (dz)2. It
has four simple poles at the corners of the pillow and no other singularities. Pulling
back (dz)? via 7z gives a quadratic differential on the covering CP! with zeros and
simple poles of degrees {r; —2} and {2n; —2} and with no other singularities. Thus,
by construction the pillowcase cover P = ((CPl, T™*qo) belongs to Q(n, v).

Move the zero P; of degree 217 — 2 in direction ¢ as above. The deformed flat
surface inherits a structure of a ramified cover over the pillowcase orbifold P. The
corresponding cover can be defined by a formal construction as equation (B.2]), or
can be seen in plain terms as follows. We have deformed our flat structure only
inside a neighborhood U(P), so we let the projection of the complement of U(P;)
to the pillowcase orbifold P unchanged. The neighborhood U(P;) is glued from
even number 2k of half-disks as in Figure [[3} we define the projection of each half-
disk to the pillowcase orbifold P unchanged.The definition matches on the common
boundaries of the half-discs. By construction, the deformed cover 7’ : P/ — P,
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has the ramification profile (21s, ..., 21y, v, 2247 11+m=1¥1/2) over 0 € P, profile
(m1,144=m) over the projection of the deformed zero PJ, and profile (22¢) over the
other three corners of P. The cover ' is unramified elsewhere.

Consider now the same pillowcase cover g : P — P as above and move the zero
Py of degree 2n; — 2 of the initial quadratic differential ¢ in direction —v. Clearly
we get a pillowcase cover n”/ : P — P with exactly the same profile as ©’ : P’ — P.
Moreover, since the zero P, of ¢ on the original cover P was projected to a conical
singularity of the pillowcase orbifold P with the cone angle 7, moving from the
corresponding corner of the pillow in directions v and —v we get to the same point
of the pillowcase orbifold P. In other words, the zero P| of the deformed quadratic
differential ¢’ on P’ obtained by moving the zero P; of ¢ in direction ¥ is projected
to the same point of the pillowcase orbifold P as the zero P/’ of ¢ on P” obtained
by moving the zero P of ¢ in direction —v. The nurnber of covers P for which
the resultmg covers P’ and P” are isomorphic has asymptotics of lower order in N
than 3°37, Coviy(n, v).

Moving all even-order zeroes P1,. .., Py, in directions of pairwise-distinct vec-
tors £, . .., £V, we establish a 2¢(M_to-one correspondence (up to a term of
lower order asymptotics in N) between covers 7 and 7. O

Quadratic differentials induced from dz? on the standard pillowcase orbifold via
the pillowcase covers ([H) constructed in §I2 have the following structure. All
zeroes of odd degrees of such differentials are projected to the same corner of the
pillow, while all zeroes of even degrees are projected to pairwise distinct non-corner
points. Quadratic differentials induced from dz? on the standard pillowcase orbifold
via the pillowcase covers mg : P — P as above have slightly different structure.
Namely, all their zeroes (no matter of odd or even degree) project to the same
corner of the pillowcase orbifold, so they are really square-tiled. Moreover, since all
preimages under g of the three remaining corners of the pillowcase orbifold are
regular points of the flat metric, the resulting flat surface P can be tiled with 1 x 1
squares (compared to % X % squares of the pillowcase orbifold). Our next Lemma
proves, that (in genus zero) this new square tiling with larger squares admits a
chessboard coloring.

Lemma B.3. Any pillowcase cover g : P — P of genus zero with a ramification
profile as above decomposes into two consecutive covers

TP =Py P,

where Py — P is a cover of order 4 of a pillowcase orbifold of size 1 x 1 over the
1

standard pillowcase of size 5 X %
Remark B.4. Without the condition that the genus of P as above is equal to zero
the assertion of Lemma is no longer true in general.

Proof of Lemma[B-3 Consider the decomposition of P into maximal horizontal
cylinders. We associate to this decomposition a finite graph. The edges of the
graph are in one-to-one correspondence with the cylinders. The vertices of the
graph are in one-to-one correspondence with connected components of singular
horizontal layers. Two edges have common vertex if the corresponding maximal
cylinders are adjacent to the same connected component of the critical horizontal
layer.
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Note, that for square-tiled surfaces of genus zero the resulting graph is, actually,
a tree which we denote by T. To prove the Lemma we first prove that perimeters
of all horizontal cylinders are even integer numbers. The proof is an induction in
the number of horizontal cylinders.

The base of induction corresponds to the case when P has a single horizontal
cylinder. Then P has only two singular layers, one on each side of the cylinder.
Consider one of the horizontal singular layers as a graph of horizontal saddle con-
nections. Since P is a sphere, the corresponding graph is, actually, a tree. By
construction each saddle connection has integer length. The waist curve of the
cylinder follows each saddle connection twice, so its perimeter is twice the sum of
lengths of all saddle connections in the layer, and hence the perimeter is an even
number.

When the number of horizontal cylinders is greater than one, analogous consid-
eration shows that perimeters of all cylinders represented by the extremity edges
(leaves) of the tree T have even perimeters. Chopping one of these cylinders out
from the initial flat surface P and isometrically identifying the parts of the boundary
in the natural way we get a new pillowcase cover P satisfying the same properties
as before. By induction all its horizontal cylinders have even perimeters.

Having proved that the perimeters of all horizontal cylinders are even integers
we apply the induction in the number of cylinders one more time proving now that
the tiling of P with 1 x 1 squares admits chessboard coloring. O

Now everything is ready to prove Theorem

Proof of Theorem[I.3. By Lemma [B3] a pillowcase cover mg : P — P of genus
zero and of degree 4d with ramification data (n,v) as above uniquely defines a
square-tiled pillowcase cover of degree d in Q(n, V).

Reciprocally, consider an arbitrary square-tiled surface S as in Lemma[B.I] above
in the stratum Q(n,v), and let d be the degree of the corresponding cover over P.
Subdividing each square into four; considering the underlying pillowcase as P, and
postcomposing the initial cover S — P, with the cover P, — P we get a pillowcase
cover with singularity pattern (7, r). This implies that

N
ZCOVZ’;E(T],V) =Sqn(1— 2,00 —2,...,2m — 2,23 —2,...).
d=1

Applying equation (B.4) from Lemma [B.2] taking into consideration that
dime Q1 — 2,00 —2,...,2n1 — 2,20 — 2,...) = L(v) + €(n) — 2

and applying equation (B3] we complete the proof of Theorem O

C. EQUIDISTRIBUTION OF CIRCLE TRANSLATES

BY JON CHAIKA

We use a variation of an argument of G. A. Margulis to obtain equidistribution
of circles from exponential mixing of the Teichmiiller geodesic flow on Q;. The

strategy is similar in spirit to [EMaMo98, Section 3.6].
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C.1. Notation. Asin I3 let B = B(kq, ..., ky) be the space of directional billiard
tables, that is, billiard tables with interior angles ($k1,. .., 5ky) and a distinguished
direction. B has the natural the measure pg which is the product measure of the
Lebesgue measure arising from the side lengths and the angular measure d¢.
Given II € B, let g be the meromorphic quadratic differential given by gluing
together two copies of TI. Recall that IT — ¢ from B to Q@ = Q(k1 — 2,..., k, —2)
is a local embedding where Q(dy,...,d,) is the stratum of quadratic differentials
with zeros of order d, ..., d,. Using this map, we may view B as a subset of Q. Let
Q1 C Q denote the subset of surfaces of flat area 1/2 (see Convention [.)), and let
11 = po, denote the Masur-Veech measure on Q;. Let B; denote the intersection
of B C Q with Q;. We abuse notation by denoting the restriction of the measure
up to By again by up. Let B, denote the subset of B; where the direction of the
flow is parallel to one of the sides, and let ;3 be the restriction of the measure to

B1. We recall notation for important one-parameter subgroups of SL(2,R):

(e 0 Ao — cosf sinf
G=\ 0 et andre =\ _gne cosh

C.2. Equidistribution. We define the function space

LY = {f € C.(Qy) : f is 1-Lipschitz , fduy = O}
[9f}

with respect to the Euclidean metric induced by local coordinates on Q; (see, for
example [AG] §5] for a formal definition of this distance). We denote L. the space
without the mean 0 condition.

Theorem C.1. Let f € LO. Then for us-almost every right angled billiard qn we

have
27

1
lim — T df = ———— dur =0.
750027 J, f(QT GQH) M(Ql) o, fduy

C.3. Small arcs and strategy. The strategy to prove Theorem is to break
the integral over the circle into (exponentially) small arcs so that the limit converges
as desired. Let M. C Qi be the e-thick part of the stratum, that is, the set of
q € Q1 so that all saddle connections on ¢ have length at least €.

Proposition C.2. Let f € L2 and § > 0. Define

S = {9e 0,27) \ (B(O,é)UB(g,é) uB(w,a)uB(?’;,(s»}.

S5 avoids neighborhoods of directions parallel to the sides. There exists an expo-
nentially decaying function v : R™ — [0, 7) such that for any e > 0

1 v(eN) 1
lim ——— r dp = ———— d
N—oo 20(eN) /v(sN) J(genro+oqn)de p1(Q1) A faim

for us-almost every qun € By N M, Lebesgue almost every 6 € Ss.

We prove Theorem[CIlassuming Proposition[C2lin §C.7 To prove Proposition[C.2]
we estimate the L?-norms of the functions

1 v(N)
Fu(o) = g [ Soxrods
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on MsnN 7“931, the d-thick part of the rotated billiard subvariety To estimate

/ i (Fn(9))? dpry = / / / (gnT2q) f(gnTyq) dz dy dpi, s,
reBiNMs; T@Blﬂ/\/[(s 4'U ’U(N 71)(N

we separate the domain of integration into two pieces: one where x and y are very
close, and another when they are sufficiently separated. Heuristically, for z and y
sufficiently separated, the translates gnr.q and gn7r,g move away from each other
exponentially in NV, and thus become uncorrelated due to exponential mixing of the
Teichmiiller flow. This is made precise in Proposition[C.1I0l For 2 and y sufficiently
close, we estimate trivially by the measure of the set.

C.4. Exponential recurrence, mixing, and contraction. To implement the
above strategy, we need three crucial technical results on Teichmiiller geodesic flow.

C.4.1. FEzponential Recurrence. Athreya [At06] showed that most (in an exponen-
tial sense) trajectories spend at least half their life in the thick part of a stratum.
Precisely, let

T
GL(E):{qul:|{O§t<T:gtq€Ma}|>§fora11T>L}

denote the set of ¢ € Q1 so that the gi-trajectory of ¢ eventually (after time L)
spends at least half its life in M..

Theorem C.3 ([At06l Theorem 2.3]). For all small enough € > 0, there exists
C, & > 0 such that for all L > 0

p(Gr(e)) > (1~ Ce™5)ua(Qu).

C.4.2. Fzponential Mizing. Avila-Resende [AR12], building on work of Avila-Gouezel-
Yoccoz [AGY], showed that the Teichmiiller geodesic flow is ezponentially mizing.
Let d be the Riemannian distance on SL(2,R) induced by the Killing form. For
functions f,g on Qp, and M € SL(2,R), define the M-correlation

(o.M =| [ Fa)g(aam - /Q fdm /Q gl

Theorem C.4. ([AR12], [AGY] Theorem 2.14]) There exists constants C,\ so
that if hy, ho are Lipshitz and compactly supported then there exists Cx that depend

only on the smallest systole of a surface in the compact support such that for any
M e SL(2,R),

C(h,ha, M) < C (Cx + [hallso + Ihnl|zip) (Crc + Ih2lloe + [ h2llip) e .
C.4.3. Exponential Contraction. Eskin-Mirzakhani-Rafi [EMR], following Forni [Fo01],

proved an important result on the hyperbolicity of the Teichmiiller flow. For a sub-
set A C R™ we use |A] to denote its Lebesgue measure.

Theorem C.5 ([EMR], Lemma 8.3]). Given a fized compact part M there exists

¢,C > 0 such that if ¢ and ¢ differ only along a stable manifold for g, (that is, if
they share the same horizontal foliation) then

ds(gq, gu) < Cds(g, ¢y~ c {>0aaeMs }|

dg denotes Hodge distance along the stable manifold. See [EMR] Section 8.2].
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C.5. Mixing on open sets. In this section we state and prove our first key lemma
Proposition [C.6] which will play a crucial role in the proof of Proposition
Proposition [C.0] uses exponential mixing (Theorem [C4)) in a crucial fashion.

Given an open set U C My, let 0:U denote the e-neighborhood of the boundary
OU. We say U is polynomially reqular with regularity polynomial P if there is a
polynomial P so that

w1 (0:U) < P(e).
Proposition C.6. Let 6 > 0 and let U C M be polynomially regular. Let f,h €
LY. Then there exist \, D > 0 and {o < 1 so that for all 0 < { < £,

‘ /U Fla@)h(g011ea)dm (q)] < De.

Moreover, the constants only depend on 0, || f|lcos ||hlleoc and the regularity polyno-
mial of U.

The first step in the proof is the following effective equidistribution lemma for
translates of polynomially regular sets.

Lemma C.7. Let § > 0, U C M; be polynomially regular and f € L§. There exist
E,Xf >0 so that

1
—_— d < Ee Mt
) /Uf(gtq) /Ll(Q)‘ <
The constants depend only on 6, f and the regularity polynomial of U.
Proof. Let U, = {qe U : B(q,r) CU} and

) = ol (1 Laa.00).

Notice that h. is e~ '-Lipshitz. We will obtain the lemma by applying exponential
mixing (Theorem [C4) to the functions f and h..

‘ /U f(geq)dpn

By Theorem we have that there exists C3 (subsuming the various constants)

< + Ixv = ellootr {q : xv(q) # he(@)} 1 flloo-

/ he(q) f(geq)dpa
Q1

1
S Cg—e_)\t.
€

/ he(q) f(geq)din
Q1

By our assumption on U there exists C,d (essentially the leading coefficient and
degree of the regularity polynomial) so that

Ixv = hellootin {a : xu (@) # he(@)} || flloo < Ce™.

! we obtain

Letting ¢ = e %

/ Flgq)dpy < Ce jette ™™ 4 Ce L
U

A dA O

To complete the lemma, let Ay = min {5, T

Applying this to small balls, we obtain
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Corollary C.8. Lete >0, go € M. .- and f € LY. Then there exists Cy . ¢ > 0
so that for all k > 0,

v
p1(B(qo,e7*)))

Moreover, C ..y can be chosen to be C'E,fekLEvf where L.y depends only on €, f.

< Crepe ™M

/ f(grq)dpa(q)
B(go,e™*)

Applying this corollary to f = xy — u1(U) for a polynomially regular set, we obtain

Corollary C.9. Let 6 > 0. Let U C M be polynomially regular. There exist
ko, D2, Ay so that for any gy € Ms we have, for all r > 0

1
p1(B(go,e7"))
ko can be chosen to be either positive or negative and the corollary holds for all

large enough (in absolute value) ko. The constants can be chosen to only depend
on § and the regularity polynomial of U.

< DQG_)\ZT.

/ XU (Grorq)dper (q) — pa (U)
B(qo,e™")

Proof. Let

Hyg0(q) = (¢*" = 1) d (¢, B(qo ")) XB(go,e—r+e-2) (@) -

By the regularity of U and using period coordinates on the stratum we have that
there exist C7,dy and CY, ds so that

< O™ 4 Che2rd2,

/ xv (grrq)dpn — / he(q)Hrq0 (q)dpa
B(qo,e™") Q1

By Theorem [C.4] since
1
1ol ip < € and [[he]lLip < -
we have that there exists C'3 (subsuming the various constants) so that
/ ha(riQ)qu,r(Q)dﬂl - /Hq,rdﬂl /hadﬂl
(95}

Combining these two estimates the corollary follows. O

1
< C3=e2Te ™k,
€

Note that if f € £ then f o g; is Ce3-Lipshitz. We use this observation to prove
Proposition[C.l by splitting U into balls of size e =4 where fog; is basically constant.
Then we apply Lemma [C.8 to these balls. This gives us the required independence.

Proof of Proposition[C.6. We want to estimate

‘/Uf(th)h(gtﬂq)dul(q)‘ =

o f(Q)h(QSQ)XU(th)d/LI(Q)‘

By doing an extra integration over small balls, we rewrite this as

qo0,e7*))

/Q 1 W /B (qmeﬂs)f(q)h(gsq)XU(g—tq)dul(Q)dul(qo)
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Since f,h € L2 we can estimate their values in small balls by values at the center
points, allowing us to bound from above the previous integral by

L, B o, F00H00) 4O il 0l X0 (@) ()
Integrating the error term out, we derive the further estimate

1 _3s
/91 i (Blao =iy (@0)(9s0) /B(qme“) xv(9-+9)dpi(g)dpn(q0)| + O (6 : ) :

By Corollary [C9]if s < é then for any ¢o in the support of f (which is assumed
to be compact)

.
p1(B(qo,e=*%))

So we obtain

< DQG_)\zS.

/ X (g—)dpia (g) - (U)
B(qo,e%%)

1
C.1 / _ h(gs / _+q)d d =
(C.1) o Ml(B(q076_4s))f(qo) (9s90) B(Wm)m(g 1q)dp1(q)dp (qo)
u(U) o F(@0)h(gsq0)dp1(qo) | + O (Dae™2*) || flloo 12| -
Applying Theorem Proposition follows. O

C.6. Correlation of translates. In this subsection, we state our other key lemma
Proposition [CI0, which estimates the correlation of f € £Y with a translate of
f along a thickened g,-translate of the billiard manifold B;. Fix ¢ > 0 so that
Theorem holds.

Proposition C.10. If f € LY, §,a > 0 and 0§ ¢ {0, %, 7,35} then there exist
constants C, N and Ca,9 < 1 such that for any M € SL(2,R) with d(M, Id) < e'2°

we have
‘ / /  F(Mgeieq) f(greeq) dps,, 5, ()dl] < Coe=o? I,
—a JregBiNMsg

Here, and below, pr,p, denotes (T@)*MB*I. Cy,Ca and N, depend on f, 6, a and 6.
Moreover fizing f,a,d the dependence on 0 is continuous.

The proof of Proposition relies on all of the technical ingredients from the
previous sections: exponential recurrence (Theorem [C.3]) exponential mixing (The-
orem [C4)) and exponential contraction (Theorem [CH]) as well as Proposition [C.6
Our key lemma is:

Lemma C.11. Let § > 0 and U C M; be polynomially regular. Let f,h € LY.
Then there exist constants C, Ca, X such that for any M € SL(2,R) with |M|| < Caot
we have

‘/ F(9:Q)h(Mgeq) dui(q)| < Ce™ M-I,
U

As in Proposition [C8, C and \ depend on fyh, 0 and the regularity polynomial of
U.
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Proof. There exist 0,¢ € S!, s € R with e® = || M|| so that M = rggsr.
| HahO1ga) i) = /Q F(@h(rogsro0)x0 (g-19)dius () =

/Q (for—e(@)(hore(gsq))xv(9—17-¢q)du1(q)-

We now follow the approach of the proof of Proposition and for convenience
introduce hg = horg, fs = for_s € L2

1
/Q Rty / o gl () )

/Q mfl(@hl(gsq) /B( \ )XU(g_tr_¢w)dul(w)dM1(q) L0 (67%)'
1 y S
Now
m/B( 74S)XU(97t7L¢w)du1(w) —mU)| =
m / B(gq,e—49) xv(g—w)dp (w) — m (U)| < Doe 228
' r_B(ge s

since r_,B(q, e~**) has the same regularity polynomial as B(g,e~*%). This implies
the lemma. (]

Proof of Proposition [CI0. Let 6 ¢ {0,%,m, 2X}. Intersect roBy with M. and flow
it by a small interval {ge, |¢| < a}, and consider

U gngBl N ME.

|<a
Thicken it by ¢ > 0 along the stable manifold for g, and call the resulting set V.
We pick a and ¢ small enough so that the intersection of V' with the support of
f has a local product structure (as stable x unstable x flow) with respect to the
Teichmiiller flow g;. By the continuity of the trigonometric functions in the proof of
Proposition 3.2l ¢ and ¢’ can be chosen to depend continuously on 6. Let ® denote
the local projection from V' to the a-thickened and #-rotated billiard subvariety

U gETé)gl-
|<a
By Proposition 3.2]
i1 (V) > 0.
By Corollary [Tl if || M|, < Ca.s we have that

/ f(Mgeq) f(9:q) dpn
VNG,

By the continuity of ry and the construction of V' the polynomial that bounds the
decay of an ¢ neighborhood of the boundary of V' can be chosen to depend contin-
uously on 6. So Cy and g depend continuously on 6. By exponential recurrence

< Cpe A 4y (GF).
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(Theorem [C3)) p1(GY) decays exponentially in ¢ and so there exists Cy, \j such
that

/ F(Mgiq)f(giq) duy| < Ce= oM 1),
VNGt

Now for each ¢ € V there exists ¢’ € r¢B1 on the same stable manifold which is
distance at most ¢ away. It follows from the exponential contraction of g; (Theo-
rem [CH) that for ¢ large enough and ¢’ € G then

d(geq, geq’) < Ccle™ 5",

By our assumption that f € £V it follows that

£ (9e0) = f(ged) | < Ce™ %!
and .
|f(Mgeq) — f(Mgid)| < [|M |l opCce™ 2,
where || - ||lop denotes the operator norm of SL(2,R) acting linearly on R%. By our
assumption on V' and the fact that f is 1-Lipschitz it follows that

/ f(Mgiq) f (th)dﬂl(Q)‘ >
VNG

/VﬂG f(Mgi®(q) + eq) (f(9:9(q) + €})) dua(q)| >

O

/ / / 5 (f(Mgg+tq’) + eq’,&s) (f(9t+£ql) + e;/,l,s) d#reé(q/)dm/\k(s)
[0,¢']F J—a 7‘981('1./\/[%

where

st

et |, el o] < Ccle™ 2" and |egl, leg.s| < [ M]|opCc/e™ 2"

In the last inequality of the integral estimate, (e~¢* comes from the exponential
recurrence result Theorem [C.3] This establishes the Proposition. O

C.7. Proof of Theorem We prove our main Theorem [C 1] assuming our key
tool Proposition By Proposition [C2] for every § > 0 there exists a Ty such
that for any 7" > Ty, T € eN and set S with

ps(S) > ps(Bi N Ms) =4
we have that for each g € S a subset G, of S5 with
MGy) > 27 —85—9¢
such that for each 0 € G, we have

< 0.

1 v(T)
W/U(T)f(gTTHM)déf’

It follows that for ¢ € S and T' > Ty we have

1 27 1 U(T)
— —_— dodl
27T/o 20(T) /U(T)f(gTTeJrquI) ¢

1 2w

T (grrq) daﬁ‘ =

2m Jo

We break this integral into two pieces, over G, and its complement. We have

—1 —1 o dopdb )
<
2m /Gq 2u(T) /_U(T) Hgrro+sa)dddd) <
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and

< 90| flloo

/ ! /U(T) £ ddo
grToe+¢4
ae 20(T) J_y(r) e

So we have
1 2

o [ orroa) 48] < 649511 < 105 max L 11).
0

Because f is 1-Lipschitz we have that if

1 21

limsup |— f(gTr¢q)d¢‘ <&+ limsup
Tooo |27 Jo NeNe

Since ¢ and e are arbitrary Theorem follows.

2m

2i f (gNchQ)déb‘ :
0

™

O

C.7.1. Proof of Proposition [C.A To prove Proposition [[2] we estimate the L2-
norms of the integrals

1 v(N)
FN(Q) = W/'U(N) f(gNTeq)d9,

where we define v(N) below. We have

1 v(N) v(N)
Ex@Pdus=[ s [ [ (v o) dedy due.
w/nglﬁM(; oB T@glﬂMJ 4U(N)2 71)(N) 71)(N) Y !

Changing the order of integration, we obtain
v(N) 1 v(N)

/'U(N) gnTa(reBiNMs) 4U(N)2 /'U(N) f(gNTmfyngQ)f(Q) dy d((gN)*’uer?B) dx
To ease notation, up will denote (QN)*NTHQB for the remainder of this proof. We
note that

T = (h— tan O)Tglogcoséhtané .

1 s . (10
hs—(o 1>7h’s_(s 1>7

so the previous expression is
v(N)

where

1 /v(N)
f(hfe-* an(z—y)IJ1 s(xz— h€2N an(z— q)f(q)dydugdx
U(N)/gNrm+e(l§10M5) 4(N)* J ) 2N tan(z—y)Jlog(cos(z—y)) e tan(z—y)

Now consider Cs ¢ from Proposition [C.10l Recall that we defined
1) T 0 ) 3r 0

Cg = min Cg 9.
0eSs ’

and

Observe that this is defined and greater than zero because Cy g is continuous in 6
and Sy is compact. Let

»(N) = min {e(2+%>N, g} :
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Then

hzfzzv tan(m_y)glog(cos(zfy))’ < e for T,y € [_U(N)7 U(N)]

Since f is 1-Lipschitz we can dominate the integral by

N v(N) 1 v(N) ( ) ( )
‘ /7 Av(N)2 / f(he2n tan(e—y)2) (@) dy dpps do
o(N) Jgnrero(BiNMs) 4U(N)2 o(N) (z—v)

We break the domain of integration into pieces, and we estimate the integral on
each separately. Let

Ay = {x,y € [-v(N),v(N)], |z —y| < 6(72+%)N}

be a small neighborhood of the diagonal in [—v(N),v(N)]?. The first piece P is
when (z,y) ¢ An:

Pri={(z,9,9) : (x,y) ¢ An,q € gn (12081 N M)}
We add an integral over time so we can estimate the integral over P; using Propo-
sition [C.10] yielding

1 a
(N ? (/_a . J(hean an(z—y)90q) f(q) dy dus dwdf) =

; / /a /
f(heQN an(z—y)IN EQ)f(gN gq)d,ug dl dx dy
4U(N)2 (z,y)¢AN J —a reBiNMs tan(@—y) + +

1 , /
< 72/ Cre %Ndxdy < Cre BN
(N Jaygan

To see this is justified, first observe that the domain of integration is appropriate
because for all large enough N, 6 + z € S5. Second, the size the matrices is
appropriate because by our choice of v(IN) we have

e*N2u(N) + 1 < 2N
for all N sufficiently large and and so
|Pe2n tan(w—m)ll < 2¢92N for all 2,y € [—v(N),v(N)],

since tan is 2-Lipschitz on [—7, 7]. Moreover, since

1
[tan(z — y)| > §|x—y| and z,y ¢ Ay

we have )
[
||he2N tan(m—y)” > 56 6 N'
Our second piece, P,, is when x and y are close:
Py = {(%ya@ t(z,y) € An,q € gn (Tm+el§1 N Ma)}

We have, via naive (measure and || - ||) estimates

1 1f13]AN]
(V) (/132 J(hean tan(e—1) @) f (@) dus dy dgﬁ) < Th(N)?
< e TVf
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Combining the estimates on the integrals over P, and P» we obtain

1 C C
[ @R i < Gl X N e EN e
o B1NMs

So there exists & > 0 such that for all large enough N.

Let

/ / i (Fn(g9eq))” dureg(q)dﬁge*‘w.
—a JrgBiNMs

my(q,a) = eer[riiga] |Fn(geq)] -

We have, for any 1 > 0, that

Indeed,

2an* 13 {q €reBy N M : mn(q,a) > 77} <

5 1
U5 {qereBlﬂM(; :mn(g,a) >77} < e N,
2an?

<
/ / o (Py(0) el
—a JreBiNMs

Since for any n > 0, we have that

o0

Z %e“m < 00,

N:ln

the easy half of the Borel-Cantelli lemma implies that for up-almost every ¢ €
B1 N Mg, the set

{N>1:mn(q,a) >n}

is finite. Because F' is 1-Lipshitz, for any such ¢ we have that there exists Ny so

that

|Fn(q)| < 2a+n for all N > Nj.

Since 1 and a are arbitrary and our estimates hold for all § € Ss the proposition

follows.
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